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THE GENERAL CONIC. 
By F. H. V. GuLasEKHARAM. 


Ir seems desirable that the methods taught to beginners of reducing the 
general equation of the second degree to the standard forms should be based 
on elementary properties of conics directly deduced from the standard equa- 
tions. The methods given below are suggested as being simpler than those 
indicated in textbooks or in the references quoted below.* It is presumed 
that pupils are already conversant with the forms and names of the conics 
represented by the equations (x/p)*+(y/q)?=1, y2=4na, of the existence of 
the centre and axes of symmetry (principal axes) of the central conics, and of 
the axis and the tangent at the vertex of the parabola. No other property 
of the conic is assumed. 

2. The equation of a central conic, referred to its principal axes, is of the 
form a’x*?+b’y?=1. The substitutions x=rcos 0, y=rsin 6 transform the 
equation to the corresponding polar form 1/r?=a’ cos* @+ 6’ sin® 6, which is 
equivalent to 

1/r?=43(a’ + b’) + b’) cos 28. 
Conversely, any polar equation of the form 1/r?=A-+B cos 20 is equivalent 
to the cartesian form (A + B)az?+(A-B)y?=1. At this stage, it is pertinent 
to raise the question : 
What does the equation 
1/r?= A+B cos (20 — 245), 


where yp is a constant, represent? 

If the initial line is rotated about the pole (origin), through the angle yo 
(in the positive direction), the equation is transformed into 1/r?= A + B cos 26, 
whose corresponding cartesian form is 

(A + +(A-B)y?=1. 
Hence the equation represents a central conic, whose principal axes make 
angles ys, and 47+ % with the original initial line (x-axis). 

The principles of this section give a simple method of reducing the equation 

F(x, y) =ax? + 2hay + by? + 2ga+2fy+c=0 
to the standard form, in the case when ab — h?0. 

* Mathematical Gazette, January 1925; October 1925; February 1934; February 
1935 ; October 1940 ; December 1940. 
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3. As shown in textbooks, when ab—h?0, there exists a unique point 
C (a, y,) such that the equation F(x, y)=0 of § 2 reduces to the form 


+ + by? +6'=0, (3.1) 
with reference to axes CX,, CY, parallel to the original axes OX, OY respec- 
be noted that 

C! = Gt, + fy + C= A] (ab —h?), (3.2) 
where 4=|a fh g |. 
hb f | 
g9 f ¢| 


{In numerical examples, c’ should always be calculated from gx, + fy + ¢.] 
The substitutions x=rcos 6, y=rsin @ reduce the equation (3.1) to the 


polar form 
—c’/r?=a cos? 6+ 2h cos 6 sin 6+ 6 sin? 0 


=4(a+b)+4(a-b) cos 20+h sin 20 
= +b) +37 COS (20 — (3.3) 
where yo is the unique angle between 0 and z given by the equations 
cos 2%) sin 1 
= Dh = j 
and j=[(a-b)?+ 
[Note.—The case a=b, h=0 which occurs when the equation F(x, y)=0 
represents a circle is excluded.] 


If we now rotate the axis CX,, about C, through the angle yo, the equation 
(3.3) becomes 


cos 28, 
and the corresponding cartesian equation reduces to 
The axes of coordinates are now CX, and CY, inclined at angles % and 
42+ respectively to CX). 
If c’=0, that is, if 4=0, the equation (3.5) represents a pair of straight 
lines, which are real only if 
(a+b+j)(a+b-j)=4(ab—h?)>0. 
If c’40, the equation (3.5) can be written in the standard form 
(3.6) 
which represents a central conic. 
From the signs of the coefficients of x? and y? in (3.6), it is readily seen 
that the conic is an ellipse or an hyperbola according as 
=0. 
It must be observed that, for a real ellipse, the coefficients of x? and y? must 
both be positive. 


The principal axes of the conic are CX, and CY,, whose equations referred 
to OX, OY are respectively 
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the equations of (3.7) reduce to 

and — 6 —9) — i) = (3.10) 


The squares of the lengths of the corresponding semi-axes are 
-—2c’/(a+b+j) and —-2c’/(a+b-7) 
respectively, and they are easily verified to be the values of 1/r? given by the 
equation 
The tests to determine which axis is the major axis when the conic is a 
real ellipse, and which is the transverse axis when the conic is an hyperbola, 


become obvious from the signs and magnitudes of the coefficients of x? and 
y? in (3.6). 


4. The case when ab —-h?=0. 
In this case, the equation F(x, y)=0 is of the form 


This equation can be written in the form 
(ax + By + 4x (Bx ay + p)=0, (4.2) 


where A, p, x are uniquely determined from the equations 

AB+2xa=f, 
[The case when gx+fy is of the form p(«x+ By) is excluded. In that case, 
the equation (4.1) represents two straight lines parallel to ax + By=0.] 

The equation (4.2) leads to the standard form Y*=4nX, and brings into 
evidence the axis of the parabola, the tangent at the vertex, and the length 
of the latus rectum. 

Pupils experience some difficulty in determining on which side of the 
tangent at the vertex the parabola lies. If we note the fact that the straight 
line Bx — ay + = cuts the parabola in real points, then it is readily seen that 
the parabola lies on the same side of the tangent at the vertex (Bx — ay + u=0) 
as the parallel line Bx - ay+ p=. 

5. The focus of the parabola. 

Writing the equation y*=4az in the form y*=(x%+a)*-(x%-a)?, which is 
equivalent to the form y?+(x-a)?=(#+a)?, we can establish the existence 
of the focus S(a, 0) and the directrix x +a=0 of the parabola, which are such 
that the parabola is the locus of a point P such that SP=PM, where PM is 
the distance of P from the directrix. 

For the parabola of (4.1), which by virtue of (4.2) can be written in the 
form 

(ax + By + A)? = (Ba ay + x)? (Be - ay +p 
the equation can be transformed into 

(ax + By + A)? + (Ba ay + x)? = (Ba - ay + p+ x)?. 
This form brings into evidence the focus S as the intersection of the perpen- 
dicular straight lines ex +By+A=0 and Bx-ay+u-—«=0, and the directrix 
as the straight line Bx - ay+p+«=0. 


The straight line Bx - «y+-«=0 will be recognised as the latus rectum 
(the line through the focus at right angles to the axis). 
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6. The foci of a central conic. 
The equation 
where yp’ = +1, is equivalent to y? = p’b? (a? — x*)/a*. 
If we write »’b?=a?(1—-e?), the equation becomes 
y? = (1 - (a? 22) 
= (a — ex)? (x ae)? =(a+ ex)? a)?. 
Hence the original equation can be written in either of the forms 

Hence we see that the central conic (6.1) is the locus of a point P which 
moves such that its distance from the point (y’ae, 0) is e times its distance 
from the straight line x-p’a/e=0, where p’= +1. The existence is thus 
established of the two foci S(ae, 0), S’( -— ae, 0) and the corresponding directrices 
zx-—ale=0 and x+a/e=0 respectively, e being defined as the eccentricity of 
the conic. 

When (6.1) represents an ellipse, p’=1; if a>b, then b?=a*(1—-e*), where 
0<e<l. 

When (6.1) represents an hyperbola, »’= -1, and b?=a?(e?-1), where 

The principal axis on which the two foci lie may be called the focal azis, 
which is the major axis in the case of the ellipse, and the transverse axis in 
the case of the hyperbola. 

For the central conic F(z, y)=0 of § 2, the coordinates of the foci S, S’ 
are given by 

= = + 
sin wae, (w= +1), 
where (2, ¥;) is the centre C of the conic, % is the angle which the focal axis 
makes with the positive direction of the x-axis, and is equivalent to yx, or 
3a + as determined by § 3, and « is the focal semi-axis. 
The corresponding directrices are given by 


(a — cos P+ (Y—Y SIN P= pale. (6.3) 


7. Numerical examples. 

Numerical examples seem superfluous here, though in a class-room they 
should precede the general discussion. Two examples should suffice : 

1°. Consider the conic 


32x? + 120ay + 96y? + 92% + 156y + 29=0. 
Here the centre C is (— 3, — 4). The polar form corresponding to (3.3) is 
33/r? = 64 + 68 cos (20 — 2y5), 
where yf, is the unique angle between 0 and z given by 
cos 2) sin 2%, 1 


17’ 
ges cosy sing, 1 
giving 


The principal, axes are inclined at angles 4, and $7+y,. to OX, and the 
equation referred to them is 4x? — 4y?/33=1. 
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The conic is thus an hyperbola, its transverse axis is of length 2.=1, and 
has for its equation, referred to OX, OY as axes, 


(x +3)/3=(y+3)/5 5 
— + 3)/5=(y + 3)/35 
e?= 1+(33/4)/(1/4) =34, giving e= 
ae=4,/34, a/e=$//34. 
Since | C'S | =| CS’ |= «e, the coordinates (x, y) of the foci are given by 
ytd 


and the conjugate axis is 


3 5 2” 
and the corresponding directrices are given by the equations 
(a + 3)3/./34 + (y + $)5//34 = 
2°. Consider the conic 


= +1, 


5a? + + 2y? - 4y+4=0. 
Here the centre is C=(1, — 2). 
The polar equation corresponding to (3.3) is 
1 /r? = 7/2 + (5/2) cos (20 — 
where yf is the unique angle between 0 and z which satisfies 


3 4 5” 
gic cos sin 1 
giving = te 


The principal axes are inclined at angles 4 and $7 +. with OX, and the 
equation of the conic referred to them is 62+ y?=1. 

The conic is, therefore, an ellipse, whose major axis 2« is given by «=1, 
and the minor axis 28 = 2/,/6. 

The equation of the major axis is 


y+2 
yt+2 
that is, 


The minor axis is 
x-1 y+2 
2 == . 
e?=1-(1/6)=5/6, giving e= (5/6), ae=\(5/6), 
The focal axis is the major axis. 
Hence the coordinates of the foci are given by 


-1 J5 
The corresponding directrices are given by 
(% — 1) (= 1/V5) + (y + 2)(2//5) = py(6/5). 
F. H. V. GuLASEKHARAM. 
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REAL QUADRICS AND THE CIRCLE AT INFINITY. 


By H. GwyNeppD GREEN. 


WuiLe the conception of the Circle at Infinity as a weapon for analytical 
investigation has been fairly often applied (as for example “‘ Some equations 
connected with the Plane Section of the Conicoid ” by the author, Math. Gaz., 
July 1933), its use as the basis for descriptive enquiry has been rarer and 
disconnected. The aim of this paper is to obtain by simple steps the principal 
descriptive properties of the quadric surfaces from their intersections with 
the Plane and Circle at Infinity. The method also has the advantage of 
making manifest how the basic causes of the differences between the properties 
of different types of quadrie arise, which are often hidden in algebraic treat- 
ment. 


¥ 


Notation. 

The Circle at Infinity will be denoted by I, the section of the quadric by 
the Plane at Infinity (0) by S, the points of intersection of rand S by A, B, C, D 
(AC, BD meeting at X, AD, BC at Y and AB, CD at Z), and the meets of 
any line / in o with S by P, P’ and with I by Q, Q’. We exclude discussion 
of the sphere, in which S and [ coincide. 

Four cases have to be considered : 


(i) the general one in which S is not degenerate and the points A, B, C, D 
are distinct ; 
(ii) the conic S has double contact with I at (AB) and (CD) ; 
(iii) S degenerates to the line pair AB, CD and the points are distinct ; 
(iv) the line pair S is two tangents touching I at (AB) and (CD). 


Let EZ, E’ be the double points of the involution PP’, QQ’. Then for the 
sections of the quadric formed by the pencil of parallel planes through / : 
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(1) The centres lie on the polar line I’ of 1, meeting o at some point L. 

(2) The axes pass through EZ, HZ’: they are sets of parallels lying in the 
planes l’E, l’E’. 

(3) The asymptotes pass through P, P’: they are sets of parallels lying 
in the planes l’P, ’P’. Parallel sections of the quadric are therefore similar 
and parallel (accepting a hyperbola and its conjugate within this statement). 

(4) The centres of sections through J lie on l’: hence the centres of the 
sections by the tangent planes through / lie on the sections and each degenerates 
therefore to a line pair, being one line counted twice in the case of the cylinder 
and cone. The whole descriptive theory of generators can now be readily 
deduced. 

(5) The foci lie on the intersection of the tangent cones to the quadric 
from Q, Q’: they also lie two by two on the planes l’E, lH’. The curves 
of intersection, and locus of the foci, are therefore two conics. 

(6) If F, F’ are a pair of the involution PP’, QQ’ and C is the centre of 
a section through J, then CF, CF’ are conjugate diameters of the section. 
Also CF, CL are conjugate directions for sections through FL and similarly 
CF’, CL for sections through F’L, and we have the standard property of 
three conjugate directions determined by L, F, F’. (The existence of C for 
the section is not actually essential to the argument, though convenient for 
reference. ) 

(7) The tangent cone to the quadric from any point in space meets I in 
four points. Taking the join of any two of these as 1, we have at once the 
theorem: ‘‘ Through any point six sections can be drawn having the point 
as a focus, or two in the case of the cone and cylinder.” 

Theorems (1) to (7) are applicable for a general line J to all the cases.* 

We will now restrict ourselves to case (i) and let O denote the pole of o 
with respect to the quadric. 

(8) Since J lies on o, l’ passes through O which is therefore the centre of 
the section 10. 

(9) The three points X, Y, Z in pairs are conjugate points with respect 
to Sand I: OX, OY, OZ are therefore conjugate directions at right angles, 
and with (8) the properties of the principal axes and with (3), (6), (8), that 
of the bisection of chords by diametral planes immediately follow. 

(10) Since A and C lie on I, the section by any plane through AC is a 
circle, and similarly for any plane through DB, and we have two families of 
parallel planes, each parallel to OX, cutting the quadric in circular sections. 
Further, since A, B, C, D lie on all spheres, the sphere through a section of 
the ‘‘ AC ” family and any arbitrary point of a section of the ‘‘ BD” family 
must contain this section as three points determine a plane, or any two 
circular sections, one from each of the families parallel to OX, lie on a sphere. 
We have similar pairs of families of planes giving circular sections parallel to 
OY and OZ. Since A, B, C, D are “‘ complex conjugates”’ in pairs, one set 
is real and the other two are imaginary. 

(11) Denoting by @ the conic-envelope of chords cutting S, I in harmonic 
pairs, two tangents can be drawn to ® from any point P on S, meeting S 
again at P,, P,. Taking a generator through P, there are therefore two 
generators of the opposite system cutting it at right angles (we except the 
cone and cylinder from this discussion). 

Since @ touches the tangents at A, B, C, D to S and I, the locus of these 
points of intersection meets o in these points only. It is therefore a quartic 


* The assumptions which have been made with respect to the quadric are, the 


existence of a tangent plane, the tangent cone, its plane of contact as the polar 
plane and the polar line. 
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curve, which cannot be four generators, and lies on the pencil of quadrics 
determined by the quadric and some other. One of the pencil passes through 
any fifth arbitrary point on I and is therefore a sphere. 

Case (i) includes the ellipsoid and hyperboloid of two sheets (generators 
imaginary) and the hyperboloid of one sheet. 

We now take case (ii) where S has contact with rat (AB)and(CD). Instead 
of the unique points X and Y, any pair of points on the chord of contact, 
harmonically separated by the points of contact, may be taken and we have 
a surface of revolution, of any of the classes of case (i), about the axis OZ. 
We have the modifications : 


(9’) OZ and any two perpendicular lines OX, OY, perpendicular to OZ, 

can be taken as the axes. 

(10’) The circular sections parallel to OX and to OY coincide in sections 

perpendicular to OZ, which are the real circular sections. 

In case (iii) the section by o is two straight lines: the quadric touches the 
plane at infinity and is a paraboloid (elliptic or hyperbolic according as the 
lines are imaginary or real). The necessary modification in the theorems (8) 
to (11) are as follows : 


Taking the line pair S as AB, CD, 

(8’’) There is no finite centre O. 

(8’°+) The VU corresponding to X ¥Y passes through the intersection of AB, 
CD. It is perpendicular to all plane sections through X Y, meets 
the quadric at the point of contact of the tangent plane other 
than o through XY and is usually known as the axis. 

(9’’) The points X, Y on o determine the directions of the axes of sections 
by planes through XY. 

(10) The family of circular sections arising from the lines AB, CD breaks 
down to the lines AB or CD and other generators. Of the families 
given by AD, BC and AC, BD one set is real in the case of the 
elliptic paraboloid (the line pair imaginary) and neither is real 
in the case of the hyperbolic paraboloid (the line pair real). 

(11°) © touches the line pair and only one other tangent can be drawn 
from a point on S to it: every generator is cut at right angles 
by one generator of the opposite system. The locus of the points 
of intersection meets o at the intersections of X Y with the line 
pair, and hence is a curve lying in a plane perpendicular to the 
axis. 


In case (iv) in which S becomes a line pair touching at (AB) and (CD) we 
have again surfaces of revolution, the paraboloid of revolution developed 
from oase (iii). Instead of the unique points X and Y, any pair of points on 
the chord of contact, harmonically separated by the points of contact, may 
be taken and theorems (8’’) to (11’’) receive further modifications : 


(8°’ +) XY in (8” +) is replaced by the chord of contact. 

(9°) The surface is one of revolution about the axis. 

(10’’) The circular sections reduce to the sections perpendicular to the 

axis. 

(11’’) The points of contact of ® and the intersections of X Y with the 

line pair are (AB) and (CD). 

We now take the case in which / is not general but touches S at some point 
F so that the points P, P’, E coalesce there. The line l’ passes through R and 
Jies in the tangent plane at FR: it is in fact the harmonic conjugate of l with 
respect to the generators through R. ‘The sections by all planes through l are 
parabolas whose axes are parallel straight lines through R. The tangent at 
V, the vertex of a section, is at right angles to the axis and therefore passes 
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through EZ’. Hence the axes, vertices and foci of sections through / lie on the 
polar plane of E’, which passes through l’, and the V locus is the section by 
this plane. The tangent cones from Q, Q’ have for their curve of intersection 
QQ’ twice and a conic, the locus of the focus F, in the polar plane of EL’. This 
conic has four-point contact with the V locus at R. In cases (i) and (ii) 1’ does 
not lie in the plane o, and we can express the V and F loci in the forms xy=c, 
xy+ay?=c, where VF is given, for varying planes through 1, by intercepts 
parallel to the x-axis. It follows immediately that of parallel parabolic 
sections two are equal but “ pointing in opposite directions’. In cases (iii) 
and (iv) the tangency of J is replaced by its passage through the point of 
intersection of the lines of S, and l’ lies in o, with the trivial special case when 
l and Ul’ coincide with one of the lines. Excepting this special case the V 
and F loci are parabolas which can be expressed in the forms y? = az, y?=ax - 6; 
it follows immediately that VF is constant in magnitude and sign for a given / 
and all the derived sections are. therefore equal and ‘“ pointing the same 


way ”’. 


CORRESPONDENCE. 


KARL PEARSON’S SELECTION FORMULAE. 
To the Editor of the Mathematical Gazette. 


Srir,—In “ An Inquiry into the Prediction of Secondary School Success ”’ 
(University of London Press, 1942) Mr. W. G. Emmett used Karl Pearson’s 
selection formulae to calculate what the correlations between entrance tests 
and subsequent success would have been had the whole age-group of children 
gone on into secondary schools. The necessary data for this calculation were 
accessible in the experiment, though usually they are lacking. 

Mr. Frank Sandon, reviewing Emmett’s book in the Mathematical Gazette 
(December, 1942), has questioned his use of Karl Pearson’s formulae on the 
ground that they are only applicable when all the distributions are normal, 
both in the population and sample, whereas in secondary school selection the 
sample is the upper tail of a distribution, sharply cut off (though not so 
sharply as Mr. Sandon imagines in any one test, when the sum of three scores 
is used for selection). I wish to support the view that these selection formulae 
are applicable here, and to quote some experimental and theoretical evidence. 
In view of the editor’s need for brevity I shall give few details. 

In the first place Mr. Emmett had previously made a large number of calcu- 
lations on data from Northumberland, where the actual correlations in a 
certain population were known, and found a substantial amount of agreement 
when estimates from truncated samples were made using Pearson’s formulae. 
Mr. Emmett is absent on war service but I have his calculations before me. 

Recently I have had data from Leicester through my hands which permit 
of the same calculation and check. Of 1390 boys, 245 went into secondary, 
214 into intermediate, and 931 into senior schools. <A certain correlation 
coefficient was known to have the value -926 in the whole population of 1390. 
The actual values in the above three samples were -841, -671 and -881 respec- 
tively. Estimated by Karl Pearson’s formulae the population values found 
were -912, -916 and -932 respectively. The case of the intermediate school 
sample is the most relevant here, for the selection was solely on a test and the 
cutting off quite sharp. In the secondary school sample this is not so definitely 
the case as fee-paying pupils with lower scores were present. Similar results 
were found for the 1189 girls, 
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It can be shown theoretically that Pearson’s formulae apply to a wider 
range of distributions than the normal. Mr. D. N. Lawley has recently set 
out the necessary and sufficient conditions to be fulfilled (Proceedings of the 
Royal Society of Edinburgh, July, 1943). They are (1) that regressions must be 
linear and (2) that for any set of values of the variables to be selected directly, 
the partial standard deviations and correlations of the other variables must 
be the same as for any other set of selected values. 

If the original distributions are linear in their regressions and sufficiently 
normal, and the selections are made by cutting off upper tails, these two 
conditions will be met. Yours, etc., Goprrey THOMson. 


Moray House, The University, 
Edinburgh. 


Dear Sr1r,—I have to thank Prof. Thomson for bringing to my notice the 
recently published paper by Mr. Lawley, and the Leicester figures. Prof. 
C. Burt has recently been working on the same problem, and in the British 
Journal of Psychology (1943, Sept., XXXIV, 1, pp. 7-17) considers Pearson’s 
formula and applies his results to some L.C.C. figures. He reaches much the 
same conclusions as Thomson, viz. that if certain conditions, not too remote 
from actual practice, are fulfilled, the formula is appropriate in selection-by- 
examination practice and will give reasonable approximations. Both these 
papers have, of course, been published since my review (M.G., December, 
1942). Yours sincerely, FRANK SANDON. 


GLEANINGS FAR AND NEAR. 


1488. The discovery that mathematics is good for the child’s character, 
which was made at a recent educational conference, ought to be hushed up. 
The average boy approaches trigonometry with sufficient reluctance as it is : 
the belief that it will strengthen his character may well plant an ineradicable 
phobia in his mind. In any event, we flatly refuse to endorse the theory 
that to prove that the square on the hypotenuse equals the sum of the squares 
on the other two sides has anything to do with character at all. The world 
is full of delinquents who can perform that kind of sleight of mind in their 
sleep.—The Scotsman, April 22, 1943. 

1439. Pyramids, Arches, Obelisks, were but the irregularities of vain-glory, 
and wilde enormities of ancient magnanimity. But the most magnanimous 
resolution rests in the Christian Religion, which trampleth upon pride, and 
sets on the neck of ambition, humbly pursuing that infallible perpetuity, unto 
which all others must diminish their diameters and be poorly seen in Angles 
of contengency (d).—Sir Thomas Browne, Hydriotaphia, Urne-Buriall (1658), 
p. 29. 

The author’s marginal note is : (d) Angulus contingentie, the least of Angles. 
This is the angle between a circular arc and the tangential halfline at one 
end of it. Aithough the measure of the angle is zero, whatever the radius 
of the circle, to commonsense it is clear that the angle increases as the radius 
diminishes ; herein are the makings of the prettiest of scholastic quarrels. 
Doubtless Browne owed, if not his knowledge of the subject, at least the 
readiness with which it came to his mind in 1658, to the publication in 1656 
of Wallis’ De Angulo Contactus et Semicirculi Disquisitio Geometrica, which 
is to be found in the second volume of Wallis’ Opera Mathematica, where it 
is followed by a Defensio published in 1685.—[{Per Prof. E. H. Neville.] 
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CONFOCAL COORDINATES IN SPACE 


CONFOCAL COORDINATES IN SPACE. 
By E. H. 


ACCESSIBLE accounts of confocal coordinates are somewhat diffuse, and the 
following synopsis may be helpful. It will be understood that my sole concern 
here is with the efficient handling of these coordinates ; I am not denying 
that confocal conicoids must be seen as a linear tangential system if they 


are to be appreciated, or that pure geometry throws a brilliant light on their 
properties. 


The base conicoid, denoted by So, is taken to be 


and when necessary for the sake of definiteness we assume A > B > C ; if the 
conicoid is real, A > 0, but this condition is never brought into operation. 
We write «, 8, y for the differences B-C, C-A, A-B. With Lamé, the 
originator of the theory, we denote the sum f(z, A) +f(y, B)+f(z,C), for 
any function f(x, A), by Sf(x, A). Thus the equation of S, can be written 


The general conicoid confocal with S, has the equation 
+6)=1; 
this conicoid we call S,. For any value of @ we replace 4 +0, B+0, C+6 
by Ag, By, Cy; this economy is not trivial, for it results in an immense saving 
of brackets. We have to remember that B,-C, has the constant value a. 
For arbitrary values of x, y, z, we write 
=1 
The point (x, y, 2), which we usually denote by Q, is on the conicoid S, if 
6(6) =0, that is, if F(@)=0, where 
F (0) =A,B,C, 9 (0) = A,B,C, 
Since F'(@) is a cubic function of 0, positive for large positive values of 8@, 
negative when @= positive when @= 8, and negative when —A, 


the equation /'(@)=0, for given values of x, y, z, has three real roots ; these 
roots, in descending order of magnitude, are denoted by A, », v; thus 


A>-C>p>-B>v>-A. 
Since 4+A, A+p, A+v are all positive, the conicoids S,, S,, S, are all 
real, and the full tale of inequalities shows that S, is an ellipsoid, S, a@ one- 
sheeted hyperboloid, and S, a two-sheeted hy perboloid. 
Since the coefficient of in is unity, (0)=(@-A)(@-p)(@-v), and 
therefore @(0) =(8 —A)(0 2) (0 —»)/(A +6)(B+6)(C +8). 
The identity of the two expressions for @(@) incorporates the relations between 
x,y, z and A, », v. Broken into partial fractions in terms of A, p, v, 
1 B,B,B, 1 Cu 1 
and comparing this formula with the original expression for 0(6), we have 
-A,A,A,/By, y= BBB, -C,C_C,/ap. 


If X, Y, Z are current coordinates, the polar plane of Q for S, is 
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Identifying this equation with 1,X +m,Y +n,Z=p,, where l,, mg, n, are the 
cosines of a direction perpendicular to the plane and 7, is the distance of the 
plane from the origin measured in that direction, we have 


and therefore = Sx*/A,? =dO/dé. 
In particular, a distance p, from the origin to the tangent plane at Q to S, 
is given by 1/p,? = (d@/d0)p-,=(A (A -v)/A,B,C)s 


and the corresponding cosines of a direction normal to S, at Q are given by 
(2, My, =p,(x/Ay, y/By, z/C)) 
in other words, (x/A,, y/B,, z/C,) is a vector in the normal to S, at Q, and 
if 1 y denotes a unit vector in this normal, B 
(x/A,, y/B,, z/C,)=(1/p,) 1 
If we break 1/0(6) into partial fractions, we have 
1/0(8) =1 + p,?/(8 A) +,7/(0 + p,7/(8 -»), 


a curious correlative of the formula defining 0(6) in terms of 2, y, z. 
From the twoequations /x*/A,=1, /x?/A,=1, subtracting and removing 
the factor » —A, which is not zero, we have 
Sx*|A,A,,=0. 
Thus the two vectors (x/A), y/B,, z/C,), (/A,, y/B,, z/C,,) are perpendicular, 
and therefore the normals QL, QM, QN to the three confocals through Q are 
mutually at right angles. 


Let P be a point whose coordinates in the frame QZMN are é, n, €; the 
vector QP is +nly+fly. But and so on, and 
therefore QP is 

ly + (mEé+m,n +m, ly +(méE+n,n +n, f)1z, 
and OP is ly 
+y(1 ly 
+2(1+p,¢/C, + + p, 1z- 
That is to say, transformation from the frame OX YZ to the frame QLMN 


and so on, where z, y, z locate Q in the former frame. 
As a simple application, we have for the polar plane of Q with respect to 
the base conic So, referred to the frame QLMN, the equation 


But =F (x*/A - 1. 
Hence the equation of the plane is 
PAIA+ +P, + 1=0. 


The reduction of the transformed equation of the base conicoid SX?/A =1 
involves slightly more algebra. We have, writing 9(0) for 1 - fx?/A, 


Sx*/AA,= -8(0)/A, S2x?/A,?=1/p,?, 
and therefore pS xu?/AA,? = @(0)p,2/A? - 1/A, 
Sx*/AA,A, = -0(0)/Ap. 
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CONFOCAL COORDINATES IN SPACE 
Thus the equation is 


or since @(0) = —Auv/ABC, 

ABC +3] +0?/v) /A +P +p, + 1), 
confirming the equation of the polar plane and showing that the tangent cone 
from Q to S, is =0, 


and has QL, QM, QN for principal axes. 

As a third exercise in substitution, let us find the section of the conicoid 
S, by an arbitrary plane parallel to the tangent plane at Q to this conicoid. 
Let the plane of section cut OQ in a point Q, such that OQ),,=kOQ, and take 
axes with Q, for origin parallel to QZ and QM. If é, » are the coordinates 
relative to these axes, we have to substitute 

X =a(k +p,£/A,+p,n/A,), 

and so on, in the equation “X?/A,=1. Since #x*/A,A,=0 and Sx*/A,A,=0, 
the coefficients of £ and y are zero: Q, is the centre of the section. From 
the same equations, subtracting and removing the factor A — p, Wx*/A,A,A, =0, 
and therefore the coefficient of é is zero: the axes being used for reference 
are the principal axes of the section. Lastly, from the two equations 
p2Sx?/A,A,=0, we have Hence 
the equation of the section is 


—A) +0? /(v =1 


If the plane of the section is at distance h from the tangent plane at Q, then 
k=1+h/p, and the equation of the section becomes 


£7/(A —v) —v) =2h(1 + 


Comparing this equation with the approximate equation of a section in terms 
of the principal curvatures «,, «;, namely, 


K€? + Ken? =2h, 


we infer that the directions QL, QM are the principal directions on S, at Q 
and that the corresponding principal curvatures are p,/(A —v) and p,/(u—-Yv). 


We turn now to the elements of the differential geometry of a curve of 
intersection of confocal conicoids. Along a curve for which p and v are con- 
stant, the velocity of Q with respect to A is the vector (0x”/0A, oy/@A, 0z/0A), 
and differentiating logarithmically the formulae for x’, y*, 2* we have this 
vector expressed as }(2x/A,, y/B,,z/C,). Thus the tangent to the curve along 
which y and » are constant is in the direction QL already found to be normal 
to the surface over which A is constant. This affords an independent proof 
that QL, QM, QN are mutually at right angles. Moreover, since the velocity 
@Q/@A is now identified with the vector (1/2p,)(l,, m,, ,), the speed of Q, or 
arc-derivative of the curve in terms of A, often denoted by h,, is identified 
with 1/2p,. 

rs the vector (x/A,, y/B,, z/C,), a vector of amount 1/p, in the normal 
QN to S,. As Q moves along the intersection of S, by S,, the rate of change 
@ly/0A of the unit vector ly is —hy(x,lz+sgly), where ky, sy are the 
normal curvature and geodesic torsion of S, in the direction QL, it being 
assumed that the right angle from QL to QM round QN is positive. Hence 
the vector 8{(1/p,)1y}/@A is expressible as 


{0(1/p,)/@A} Ly -—(1/2p,P,) + 
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On the other hand, from the values of 6x/0A, éy/@A, @z/GA already noticed, the 
derivative of (z/A,, y/B,, z/C,) with respect to A is 


4(z/A,A,, y/B,B,, z/C,C,). 
Projecting this vector on QL, QM, QN in turn, we have 
Kn = Pp, = 
0(1/p,)/0A =4p,S2?/A,A,?. 
As we have seen, /x*/A,A,A, =0; thus sq is zero, that is, 01 y/0A is parallel 
to QL and therefore QL is a principal direction on S,: the intersection of 
S, by S), is a line of curvature on S,, as we know in advance from Dupin’s 


theorem on triple orthogonality. 
Substituting for /2x*/A,A,* the value 1/(A —v)p,2 we have 


op, /@A =hp,|(v A), 


and this is only a trivial deduction analytically from the expression of p,? as 
A,B,C,/(v -A)(v-). But the expression for x, gives «,=p,/(A-v), thus 
recovering by a direct argument the value previously found by means of the 
indicatrix. 

It is interesting to consider the variation of the tangential vector 


(x/A,, y/By, 2/C)) 


as Q moves along the intersection of S, by S,. The rate of change of the unit 
vector 1; with respect to Ais hy(«,ly +«glyz), where x, is the geodesic curva- 
ture on S, of the curve of intersection. The vectors identified with each 
other are therefore 
y/B,?, z/C,2), 
{0(1/p,)/OA} + (1/2p,?) (Kyl y + 
and we have 0(1/p,)/OA= 4p, 
Kn= P,P, Sx?/APA,, — Sx*/A,7A,,. 
The first of these results is immediately verified analytically, the second has 
just been obtained from the variation of a normal vector. The third looks 
fresh, since it is an expression for geodesic curvature, but for the curve of 
intersection of two surfaces which cut at right angles, geodpsic curvature with 
respect to one of the surfaces is identical with normal curvature with respect 
to the other, and the formula «,=p,/(A-—j) is only the formula for a prin- 
cipal curvature seen from a complementary angle. 

To exhibit two of the confocal coordinates formally as a pair of Gaussian 
coordinates on one surface, we take one coordinate as zero and use u, v for 
the other two coordinates ; we denote the current point of the conicoid now 
by O, and we denote derivatives with respect to u, v by suffixes 1, 2; also 
we write A,, A, for A+u, 4+v, and so on. The coordinates xz, y, z of O 
satisfy permanently the relation Sx?/A =1, and u, v are the roots other than 
6=0 of the equation /2?/A,=1. We can write this equation as 


Sx*/A -Sx*/A,=0, 
that is, on removal of the factor @, as 
Sx*/AA, 


and since the coefficient of 6? in the quadratic expression A,B,C,/x*/AA, is 
Sx*/A, that is, unity, this expression is identically (@-wu)(@-—v), and we have 


Sx*/AA,=(0 —u)(0 
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CONFOCAL COORDINATES IN SPACE 203 
for all values of 6. Hence a’ Serie 4 defining 2, y, z as functions of u, v 
are x?/A =(A +u)(A +v)/(A —B)(A —-C), and so on, that is, 


x?= -AA,A,/By, y*= —-BB,B,/ya, 2*= —CC,C,./aB. 


By logarithmic differentiation as before, the vectors 00 /éu, 2O/dv, or briefly 
O,, Og, are 4(x/A,, y/B,, z/C,), y/B:, z/Cz), and these two vectors, with 
the unit vector n in the normal, constitute the vecframe of reference at O ; 
if U, V are amounts of O,, O,, and w is an angle from O, to O, round n, the 
fundamental magnitudes HE, F, G of the first order are the scalar products 
U*, UV cos w, V*, and the vector product O, xO, is Jn, where J =UV sin w. 

From the equality %x?/(A+u)=f22/(A+v), with w+v, we have 
Sx*?/A,A,=0, implying that 0,, O, are at right angles; thus / =0, and we 
choose the positive direction of 1 by taking w=}37. The magnitudes ZL, G 
are given by 


whence, from the formulae for x?, y?, z? 


—4aByE + yCC,/C,, 
—4aByG =aAA,/A,+BBB,/B, + yCC,/C,. 


We can reduce these expressions algebraically, but it is simpler to return to 
the formula for /27/AA,, taken in the form 


Differentiating with respect to @, and giv ing @ in turn the values u, v, 0 after 
differentiation, we have 


—v)/A,B,C,, Sx?/A.2 = —v(u —v)/A,BC,, 
for immediate use, and $x2|A? =uv/ABC, 
a result we shall require presently. 

We have now 


E=}(u-v)u/A,B,C,, G= -}(u-v)v/A.B.C,. 
Only the squares of U and V can be determinable rationally in terms of u 
and v; to choose square roots of these squares is to choose directions along 
the curves of reference. 

The vector (x/A, y/B, z/C) is normal to the surface, and the square of the 
amount of this vector has just been found as uv/ABC. But the square root 
of this last square which corresponds to measurement in the positive direction 
of n cannot remain arbitrary when U and V have been chosen, for the positive 
direction of n is the direction in which the determinate vector O, xO, has 
the definite amount UV. We have in fact 

y/B,, 2/C, (B-C)(u-v)yz_ BC(u-v)_ 


y|/By, | B,B.C,C, apyyz A’ 
where g=ABC (u -v)/aByxyz. 
Thus 4U0Vn= | | y/B,, 2/C, || =q(x/A, y/B, z/C), 


2/Ag, y/Bz, | 
that is, the amount of (x/A, y/B, z/C), measured in the positive direction of n, 
is 4UV/q. To verify that the several results are consistent, we have 
16U2V?= —(u —v)*uv/A,B,C,A,B,C, = ABC (u — 
=q'uv/ABC. 
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We can express the various sign determinations differently. If p, p,, p, 
are perpendicular distances from the origin of coordinates to the tangent 
planes at O to the three conicoids Sy, S,, S,, the reciprocals 1/p, 1/p,, 1/p, 
are amounts of the three vectors 


(x/A, y/B, 2/C), (x/A,, y/B,, 2/C,), (z/Ag, y/B:, 2/C;). 
From the vectors alone, only the squares of the three distances can be fixed, 
but if the three directions of measurement, in the assigned order, are to form 
a system of the same kind, right-handed or left-handed as the case may be, 
as the axes of coordinates, a relation is imposed on the distances themselves 


and the three determinations of square roots are no longer independent. We 
may suppose that the signs of p,, and p, are arbitrary, and that 


U=1/2p,, V=1/2p,; 


the unit vector n is then gp, p,(2/A, y/B, z/C), and if (7/A, y/B, z/C) is to be 
(1/p) n, we must have 
P= Pry: 


The fundamental magnitudes of the second order are the components of 
the vectors O,,, O12, Oz: in the vecframe O,0,n : the definitions of the magni- 
tudes are implicit in the formulae 


0,, =F0,+4"0,+Ln, + 44%0,+Mn, O,, + 4270, + Nn. 
By direct differentiation, 
On =}(2/A,?, y/B,’, 2/C,*) y/B,3, 2/C,*) 
= -}(x/A,*, y/B,*, 2/C,*), 
and similarly, O,,= —}(2/A,?, y/B,’, 2/C;*), 
while =}(2/A,Ax, y/B,B2, 2/C,C;). 


When all the vectors are expressed in terms of their components, the factors 
z, y, z can be removed from the equations, and there remain for the 
determination of the nine magnitudes of the second order the three sets of 
equations : 


= - 1/A,?, 
+24"4/B,+qL/UVB = - 1/B,*, 
274 /C, +24"%/C,+qL/UVC = -1/C,’, 
2F2/A, +24!2/A,+qM/UVA =1/A,A,, 
2r?/B, +24}3/B,+qM/UVB =1/B,B,, 
2F2/C, +242/C,+qM/UVC =1/C,C,, 
-1/A,’, 
2r??/B, + 2427/B,+qN/UVB = -1/B,?, 
2F22/C, +24%2/C,+gN/UVC = -1/C,?. 
Solvents of these sets of equations are obvious enough. We have 
aAA,/A,+BBB,/B, + yCC,/C, = 
aAA,/A,+PBB,/B, + yCC,/C,= —4aByG, 
«#A,A,/A +BB,B,/B +yC,C,/C = - aByuv/ABC. 
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CONFOCAL COORDINATES IN SPACE 
On the other side, for the first set, 
-~aAA,/A,? - BBB,/B,? yCC,/C,2 = 4aByH,, 
-BB/B, -yC/C,=4aByH,, 
-aA,/A, —BB,/B, yC,/C, = — «By(u -v)/A,B,C,, 
giving 22"=2£,/E, 24". = -E,/G, glL/UV =ABC(u -v)/A,B,C,uv. 


For the second set, the first sum «4/A,+fB/B,+yC/C, is already known, 
the second sum follows by transliteration, and the third sum, «+f+y, is 


zero. Thus 24°*=G,/G, M =0. 
The third set follows from the first : 


2r= -G,/E, 24% =G@,/G, gN/UV = -ABC(u -v)/A,B,C,uv. 


The expressions for the [ and 4 in-terms of # and G and their derivatives 
are simply the general expressions in any orthogonal system of reference 
curves, and it is a little surprising that in spite of relying on formulae peculiar 
to our problem we have found the magnitudes in precisely these forms. When 


we substitute for Z and G in terms of u and v we have the following explicit 
results : 


1 1 1 1 1 1 
al u-v'u At+u B+u * u-v’ 
— v(A +u)(B+u)(C +u) 
(u-v)u(A +v)(B+v)(C +2) 
u(A +v)(B+v)(C +) 
(u-v)v(A +u)(B+u)(C +u)’ 
1 1 1 1 1 1 
~ w-v v Atv B+v 


For the more familiar second-order magnitudes, the coefficients of the 
second quadratic form, we have 


L=g9/(A+u)(B+u)(C+u), M=0, N= -g/(A+v)(B+v)(C +»), 
where g =aByxyzU V 
and therefore g? = ABC (u v)?/16uv. 
If for a moment we write 
f(8) =1/(A +6)(B +6)(C +8), 
we have for the two quadratic forms 
ds* =}(u -v) {uf (u)du* uf (v)dv*}, 
x, ds? =g{f(u)du® —f(v)dv*}. 
With F=0, that is, when the curves of reference are orthogonal, the 
Gauss equation reduces to 
LN - M?= -} (E22. +G,) — — — ; 


the verification of this relation for the explicit magnitudes of the confocal 
system can be recommended warmly as an exercise in partial fractions. 


1440. In the settlement of 1919, nearly a billion and a half of Magyars were 
included in Rumania.—Times, Aug. 28, 1940. [Per Mr. A. F. Mackenzie.] 
P 
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MATHEMATICAL NOTES. 


1682. Postage-stamp portraits. 

Professor R. O. Street points out that at the time of the Abel centenary in 
1929 the Norwegian government issued postage stamps with a portrait of 
Abel and the inscription ‘‘ Niels Henrik Abel, 1802-1829°”’. 

Professor R. C. Archibald has kindly sent two offprints from Scripta 
Mathematica. The first gives the above information, and asks for further 
instances. In the second (Vol. I, No. 2, 1932, pp. 183-4) a joint note by R. A. 
Johnson and R. C. Archibald answers this query. We extract some informa- 
tion and refer to the note for further details. 


Norway, 1929; Abel, 10, 15, 20, 30 ore. 

Poland, 1923 ; Copernicus, 1, 5 marka. 

Germany, 1925 ; Leibniz, 40 pfennige. 

Netherlands, 1928 ; Lorentz, 7} cent, Huygens, 12} cent. 
Hungary, 1932 ; Farkas Bolyai, 70 filler. 


1683. Newton’s rectangle theorem for conics. 


The ratio OA .OB:OC .OD depends only on the directions of the chords 
AB, CD. 


Proof: Take O as origin, OA, OC as axes. Then the conic is 
ax? + 2hay + by? +...+¢=0. 


Hence OA .OB: OC .OD=(e/a) : (e/b) 
which is independent of the position of O. L. M. M.-T. 
1684. On Notes 1542, 1610. 


The following substitutions (suggested by Cardan’s solution of the cubic) give 
a direct deduction of the differential equation above. 


Then (i) becomes uw+v=2, whence — 1. (iii) 
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=4(v-4/3 — u-4/8), from (iii), 
dx ( 4/3 dv —1/3 
and = 3 v / 
= from (iii). 
d*y dx uy 1) 1/2 “4 
1 d*y 4 1/3 4 41/3 iii 
Thus (v-u) 2 = (ul v1/8), by (iii). 
Now (v u)?=(v+u)? — 4uv=4 + 
1 d*y dy 4 
Hence 3 dat’ x4(4 + 427%) + 
This is the result (ii). = — 4y/3x. F. M. 


1685. On Note 1506. 
The theorem of Note 1506 (XXV, p. 55) may be extended as follows : 


I,, I,, I, I, are the in-centre and the three ex-centres of a triangle ABC. 
If Al,, BI;,, CI;, meet the corresponding opposite sides in D,, respec- 
tively, then the circle D,E,F,, passes through the Feuerbach point 7, for 
each of the cases k=0, 1, 2, 3. 


Also, the four circles D,,E,/,, the nine-points circle of ABC, and the Steiner 
ellipse have a common point. 


Proof. If the areal equation of the circle D,Z, Fy with respect to the triangle 
ABC is (lc + my + nz) Sx — La*yz=0, 
then mb +nce=a*be/(b+c), etc. These give 


Hence the power of A’ (the middle point of BC) with respect to the circle 
is 4(m+n)-}a*, which is proportional to a(b-—c)*(b+c). Hence 
the radical axis of the circle D,E,F, and the circle A’B’C’ (the nine-points 
circle of ABC), with respect to the medial triangle A’B’C’, is 

2a(b—c)*?(b+c)x=0, 
which cuts the nine-points circle at 
m=[-al(b-c), b(e-a), 
and @=(1/(b? c?), 1/(c?-a*), 1/(a* — b*)). 
Hence the circle D,Z,F) cuts the nine-points circle at 7) and @. Changing 


a into —a, we note that the circle D,£,F, cuts the nine-points circle at 7, 
and w. Similarly for the cases k= 2, 3. 

It is readily verified that the point @ lies on the Steiner ellipse of ABC, 
whose equation with respect to A’B’C’ is Z1/x=0. 
F. H. V. GuLasEKHARAM. 
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1686. On Note 1617 (XXV, p. 179). 


I was interested to read of this construction, as it has long been familiar to 
me in a slightly different form ; namely that in which the point D is found 
as the vertex of an equilateral triangle described on AB as base; this, of 
course, is equivalent to taking OD=OC,/3= 1-732 OC instead of, as in the 
Note, 1-75 OC. 

The angle DAO is then 60° and a little elementary trigonometry will produce 
the explicit formula 


sin AOF=./3 . {ni/(n? + 16n — 32) — (n — 4)2}/4(n? — 2n 4+ 4). 


From this, or from the figure, the construction is seen to be exact for the (not 
very useful) cases n= 3, 4, 6; while for other small values of n it is very close. 
For example, for n= 5, 7, 10 we find 2 AOF=71° 57’, 51° 31’, 36° 21’. Indeed 
except for n = 5 this construction would appear to give a better approximation 
than that of Note 1617. 

Incidentally from the practical point of view the usefulness of such a con- 
struction is not tested by the percentage error so well as by the product of 
the actual error by n, which gives the angular distance of the nth vertex from 
the first on stepping round the circle. For n=5 and 7 (probably the most 
useful cases) this comes to about }° and 34° respectively. A. R. PARGETER. 


1687. An impossibility. 

Given: AB is a chord of a circle centre O. Required to construct: the 
trapezium AX YB such that AX =X Y= YB, with XY parallel to AB, X and 
Y on the circle. Answer: the construction is impossible. 

Proof: Assume the construction and join OA, OX, OY, OB. Then in the 
triangles AOX, XOY, YOB we have AX=XY=YB by construction and 
AO=X0O=YO=BO, as radii. The triangles are therefore congruent and so 

LAOX = YOB=—12A0B. 
Thus the angle AOB has been trisected and so we cannot construct the 
trapezium, since the trisection of the general angle is impossible. 
H. C. ParTen. 

1688. The properties of an obtuse-angled triangle. 

Except on the blackboards of mathematical masters there are far more 
obtuse-angled triangles than acute-angled ones. This statement, if not a 
truth universally acknowledged, is not likely to be denied by anyone who 
will take the trouble to draw six or seven lines crossing each other and count 
the triangles of the two types which are formed. As to the exception men- 
tioned, the evidence has been rubbed away in clouds of unpleasant dust and 
it is for each man to examine his own conscience. 

It does, however, seem strange that one may look through a considerable 
number of books on geometry without finding any list of properties which 
belong exclusively to obtuse-angled triangles. The following is an attempt 
at such a list, with of course no pretensions to being exhaustive. For con- 
venience the properties are stated for a triangle ABC, obtuse-angled at A, 
having 2B > LC. 

(1) a? > b?+c? and cos A is negative. 

(2) O the cireumcentre and H the orthocentre are outside the triangle. 

(3) OH > R, the circumradius, and O and H are outside the nine-points 
circle. 

(4) AH=-2Rcos A, and other such results; for instance, the pedal 
triangle has a side —acos A. 
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(5) The angles of the pedal triangle are 24 — 180°, 2B, 2C. 


(6) H is outside the circles drawn on the sides as diameters ; the sides 
subtend angles B+C, B, C at H. 

(7) There is a circle such that AC is the chord of contact of tangents 
from B, and AB the chord of contact of tangents from C; in other 
words, the polar circle is real. 

(8) The circles through A touching BC at B and C respectively meet 
outside the triangle. So do the circles through B touching AC at 
A and C, and the circles through C touching AB at A and B. 

(9) If angles are formed by joining either Brocard point to the vertices, 
one of the angles at the Brocard point is acute. 

(10) b/a, c/a are the coordinates of a point in the region bounded by the 

lines x=y, x+y=1, and the circle x*+y?=1. 

The above properties are true for all obtuse-angled triangles and no acute- 
angled ones. 

There are other properties belonging only to triangles with an angle very 
obtuse, such as: if A-—C > 90°, the nine-points centre is outside the 
triangle. And there are some which all obtuse-angled triangles share with 
some acute-angled ones, such as: a? > 4A. C. O. TuckEy. 


1689. Contradictory answers. 


Examiners who set questions of the “ yes or no but give reasons ” type 
must often find themselves giving partial marks for answers which contradict 
each other. But it cannot often be the case that the contradictory answers 
are arranged in such a regular alternation as in the following example from 
a recent certificate examination : 

*“* ABC is a triangle in which AB=BC and the bisectors of 2 BAC meet 
BC at P and BC produced at Q. If 2 BAP=2° provethat 2 AQP=32° - 90°. 


“Is it possible for BA to be a tangent to the circle on PQ as diameter? Give 
your reasons fully.” 


A 


B P Cc 


The first part was found straightforward. Answers to the second part in 
ascending order of merit appear to be : 
(i) Yes, for the circle goes through A since 4 PAQ is a right angle. 


(ii) No, for then 2 BAP=LAQP in the alternate segment, and these 
angles have been proved to be different. 


(iii) Yes, for .BAP=LAQP if x=3x- 90°, which is true if x= 45°. 
(iv) No, for if x=45°, the triangle ABC contains two right angles, which 
is impossible. 
There is even a fifth answer, if a limiting case is allowed to count. 
(v) Yes, but only in the limiting case when x=45°, when the triangle 
contains two right angles and the circle becomes the point C. 


It may be added that all these answers were found among those given by 
the candidates. C. O. Tuckry. 
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1690. Sections of a circular cylinder. 

This note is a supplement to Note 1592 (May 1942). 

The “companion to the cycloid”’ is a curve which may be defined as 
follows : consider a circle of radius a rolling along a horizontal line and a fixed 
point P on the circle. In every position the circle has a vertical diameter ; 
let P’ be the projection of P on this diameter. Then the locus of P’ is called 
the companion to the cycloid. Its equation, corresponding to the most 
natural choice of axes, is y=a{l — cos(x/a)}. 


This equation becomes, by a shift of axes, the very simple one : 
(1) 


The companion to the cycloid and its relation to various sections of right 
circular cylinders were studied during the first half of the seventeenth century. 
That the development of the curve of intersection of a cylinder and a plane 
cutting the axis of the cylinder at 45° is the companion to the cycloid was 
first published by Wallis, according to Teixeira in his T'raité des Courbes 
Spéciales Remarquables. (In order to give rise to equation (1) the diameter of 
the cylinder must be 2a.) 

Pascal (and perhaps even earlier, Roberval) showed that the development 
of the primary cyclocylindrical curve (the intersection of a cylinder and a 
sphere with centre on the surface of the cylinder and radius equal to the 
diameter of the cylinder) is also the companion to the cycloid. The equation 
of the development of half this curve is 


where 2a is the diameter of the cylinder. This, of course, is the equation of 
the companion to the cycloid whose generating circle is of radius 2a, and only 
the portion of the curve in the interval 0 < x < 27a applies to the problem 
under consideration. 

Another relationship of the same general type, which may be new, is the 
following : If a cylinder is cut by a cone with vertex angle 90° and with axis 
coinciding with an element of the cylinder, the curve of intersection appears, 
when the cylinder is developed on a plane, again as the companion to the 
cycloid. The equation is the same as (2), if the diameter of the cylinder is 2a ; 
but this time the relevant portion of the curve is that in the intervals 


-nma<x<0 and 27a <2 
R. A. RosEnBAuM. 


1691. Formulae for the solution of spherical triangles. 

‘“ The writer feels very strongly that when these formulae are first intro- 
duced to pupils it should be as far as possible by geometrical methods, rather 
than by somewhat complicated algebraic manipulations in \ hich the student 
is apt to lose sight of the fact that trigonometrical formulae are expressions 
of geometrical relations.”’ 

This is what Mr. A. Hinckley wrote in Note 1460 (July 1940); and if, as 
I believe, he is right in using geometrical methods for plane-triangle formulae, 
let us apply the same principle to spherical triangles. The first of the proofs 
that follows is founded on Mr. Hinckley’s proof of the corresponding plane 
formula: the second is largely a matter of interchanging sides and angles 
in the first. 

The only knowledge of Spherical assumed is that in a right-angled triangle 
the cosine of an angle is “as in Plane, but expressed in tangents of sides ”’, 
and its tangent is ‘‘ as in Plane, but with tan/sin ”’. 
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Fic. 1. 


Proof of the formulae, 
tan 3A = tan r/sin (s- a), 


tan r= ,/{sin (s — a) sin (s — 6) sin (s — c)/sin 8}. 


yt+z=a, 
x +z=6b, 
=c. 
Thus rt+y+2=8, 
and @2=8-a, 
y=s-—b, 
2=8-C. 
Hence tan 4A =tan r/sin (s—a), tan $B=tan r/sin (8 — b). (i) 
m+n=a, 
l —-n=b, 
l-m 
Hence l=s, m=s-c, n=s8-6, 
and tan $A = tan 1, 8. (ii) 
Now 21,BC and 2 IBC are complementary. Hence 
sin 8 


sin (s-a) 
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From (iii) and (iv), by multiplication, 


tan?r _ sin (8 —c) 
sin(s-a)sin(s-—b) 
and so tan r= ,/{sin (s — a) sin (s — b) sin (s — c)/sin s}. 
A 


Proof of the formulae, 
tan }a=tan R cos (S — A), 
cot R=q/{ A) cos (S — B) cos (S =}. 
—cosS 
Y+Z=A, 
x +Z=B, 
X+Y =O. 
Thus X+Y+Z=S, 
and X=S-A, 
Y=S-B, 
Z=S-C. 
Hence tan }a=tan FR cos (S- A), tan 46=tan R cos (S B). ............ (v) 
-M-N=-A, 
L +N=7-B, 
L+M =n-C. 
Hence M=S-C, N=S-B, 


Now HC+H,C=4(AC+A,C)=a quadrant, and hence 
cot H,C =tan 4b. 


2D = Rm 
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Thus tan R cos (S - B)=tan 4b 
=cot H,C 
_ cot R, 
=> cos C) (vii) 
Also from (v), tan R cos (S - A)=tan $a 
From (vii) and (viii), by multiplication, 
tan? R cos (S — A) cos (S — B) = - cos S/cos (S - C), 


“‘ Napier’s and Delambre’s Analogies ”’, useful for solving triangles in which 
two sides and the included angle are given, are proved geometrically on 
pp. 37-8 of Todhunter and Leathem, Spherical Trigonometry (Macmillan). 

W. Hopr-JONEs. 

1692. Delambre’s Analogies. 

The usual proofs of these formulae depend on a somewhat awkward basis. 
They can however be obtained quite briefly from the primary formulae of 
Spherical Trigonometry. For the neat arrangement of the discussion of signs 


I am indebted to Mr. W. H. Horton, B.Se., who prepared it for me while a 
student. 


Taking one of the formulae to exemplify the method, 
cos*} (a+b) 1+cosacos b-sinasinb 
1+ cos c¢ 
__1+ cos c -sin a sin b(1 + cos C) 
1+cosc¢ 


sin a sin 6 sin*C (1 — cos c) 
sin*c(1 — cos C) 


a! sin A sin B(1 - cos c) 
1-—cosC 
1+cos A cos B-sin A sin B 
1-cosC 
cos*}(A + B) 
From the convention that each side and angle of a spherical triangle is less 
than 7 it follows that | $(a- 6) | and | (A — B) | are less than 4x and therefore, 


since a, b and A, B are in the same order of magnitude, sin 4(a-—6) and 
sin $(A — B) are of the same sign, and cos $c and sin 4C are positive. 


which similarly is equal to 


Also ae = ane and each is a positive quantity ; and therefore so is 
sn A sinB 

sin a - sin b thet is sin $(a@-6) cos4(a+5) 

sin A -sin B’ sin B) cos 


cos $(a + b) 
cos (A + B) 


Hence 


is positive and, in extracting the square root of the 
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equality first obtained, we must take the positive sign, or 
cos 3(a+b) cos B) 


cos 4c sin 


The other three of Delambre’s Analogies can be obtained by a similar 
method of analysis but the selections of sign are immediate. 
H. GWYNEDD GREEN. 
1693. The tangent to a central conic. 


The line px+qy=1 
meets the ellipse x*/a? + y?/b?= 1, 
where pa cos ¢+qb sin d= 1. 
This may be written as cos (¢ — «) = 1/./(p?a? + q*b*) 
= cos B, say, 
where tan a=qb/pa ; 
whence g=a+fB. 


The line is a tangent when B=0 and then «= 4, 
and so sin ¢=sin «=4qb, 
cos 6=Cos a= pa, 
whence we have the condition of tangency 
+ q*b? = 1, 
and substituting for p and q we have the equation to the tangent 


x 
-cos =1. 
¢ 


For the hyperbola x=a sec ¢, y=6 tan ¢ we have similarly 
pa sec 6+qb tan d= 1 


or cos sin d= pa; 
thus cos (¢ + «) =pa/,/(1 + q?b*) 
=cos B, say, 
where tan a=qb. 
The line is a tangent when B=0 and then d= —«: thus the condition of 
tangency is = 1+ 
and also tan d= — tan a= — qb, 


sec 6=sec «= pa, 
and the equation to the tangent is 


x y 
¢ b tan ¢=1. 


T. H. Warp Hui. 

1694. Trilinear coordinates and staties. 

1. The object of this Note is to develop Routh’s “‘ tip ’’ given on pp. 254—5 
of the Gazette, XII, No. 173, December 1924. The tip is that l«+mB+ny=0, 
in trilinear coordinates, is the line of action of the resultant of three forces 
l, m, n acting respectively along the sides BC, CA, AB of a triangle ABC. 
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It is necessary for the sake of the subsequent adventures to repeat the sub- 
stance of the note. 
If the resultant R of the forces 1, m, n makes an angle @ with BC, we have 


R c0a' OC COG B, 1.1 
whence R?=[?+m*+n?—-2mn cos A - 2nl cos B - 2lm cos C............- 1.3 


Since the sum of the moments of 1, m, n about P(«,, ,, y,) is equal to the 
moment of R about P, the length of the perpendicular from P to the line is 


2. Ifnow la+mB+my=0 and I,«+mB+nsy=0 are two lines, we have 
from (1.1) and (1.2), with corresponding notations, that 


R,R, cos (0, — 0.) = (l, — m, cos C — n, cos B) (1, — mz cos C — nz cos B) 

+(m, sin C — n, sin B)(m, sin C — n, sin B) 

= 1,1, + + NyNq — + COSA... , 

R,R, sin (0, ~ 62) =(m, sin C — n, sin B)(l, — m, cos C — nz cos B) 

~ (m, sin C - n, sin B) (1, — m, cos C — n, cos B) 

Hence tan (6, ~ 6,) = {2(m,nz_— m_n,) sin 


We may obtain (2.1) in a different way. The resultant of R, and R, is 
that of 1,+1., m,+m., n,+n, along BC, CA, AB. Substituting in (1.3) 
the resultant is R,?+2R,,.+R,?. But it is also R,?+2R,R, cos (0, 6.) +R,?. 
cos (0, 03) = 

3. The same method can be applied to obtain a simple solution to the 
problem of finding the area A’ and the sides a’, b’, c’ of the triang = *’P’C’, 
the equations of B’C’ and C’A’ being the two former lines (§ 2) ana « © 
being + m38 + = 0. 

Forces a’l,/R,, a’m,/R,, a’n,/R, along BC, CA, AB are completely repre- 
sented by a force a’ along B’C’ ; and similarly for forces b’ along C’A’, and 
ce’ along A’B’. Also the sum of the moments of the three last-mentioned 
forces about any point in their plane is twice the area of A’B’C’. 

Hence, taking moments about A, 


2A [a’ b’ c’ 
that is, + (6'/R,)l, + 
Similarly b(A’/ A) =(a’/R,)m, + + (c’/R3)ms, 
+ Ry) nz + nz. 
Hence 82(A’/4)=8(67R,), 83(A’/ A) =8(c'/Rs), 
where 8, 5;, 5,, 5; are the co-factors of d, d,, d,, d; in the determinant 

b, Mm, My, Ms 

& te 


f 
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Now A’=}b’c’ sin A’ 
A? 29 
from (2.2), where p is the cireumradius of ABC. Hence 
A’/ A =abcd?/8,5.53. 
Hence also a’/5,R, = = 


= $525; - 


Again, the circumradius p’ of A’B’C’ is given by 
4A ‘p'=a'b'c’ 2753" 
= ( A A ) . a*b*c?R, 


Hence 
Furthermore the radius of the self-polar circle of A’B’C’ is 
2pabcd 


/( - 4p” cos A’ cos B’ cos C’) = 


315253 


by 2.1. Hence A’B’C’ is acute-angled or obtuse-angled according to the 
relative signs of R,3;, 


4. Writing L,=l,«+m,B+n,y(r=1, 2, 3), we can use the foregoing results 
to write down certain specifications of the triangle A’B’C’. 
The equation of its cireumcircle is Zp’y’ sin A’=0, that is - 


2p RR, R, R; 
or 28, L,L,=09. 
The equation of its self-polar circle is Za’? sin A’ cos A’=0, 
1 R, L,? 
that is, RR, R,R, 
or 28, R,, L,?=0. 
The equation of its nine-points circle is 
2(«’* sin A’ cos A’ B’y’ sin A’) = 0, 


0 


that is, 28; (Ro L;) = 0. 
The equation of their common radical axis is 2«’ cos A’=0, 
_ 
that is, “RR, ‘R 0. 
or ZR, L,= 0. N. M. GIBBINS. 


1695. The light-year. 

With reference to Mr. Cox’s article in the Gazette, February 1942, p. 25, 
par. 1, it may perhaps be helpful to point out that on a scale in which the 
radius of the earth’s orbit round the sun is represented by one inch, the 
light-year is very closely represented by one mile ; for, 

186000 x 60 x 60 x 24x 365 219 
93000000 x 1760x 36 220° 


N. M. Grssrns. 
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1696. An enquiry. 
Very many schoolboys have derived pleasure from the results 
(n?+n+ 4; 

and 1)(n?-n)(n?-n+ 1)=n8-n?. 
It is possible and indeed likely, that some have asked whether there are any 
more results of this kind, with so many terms zero in the product. It has 
occurred to the present writer to try his hand at the problem, and he has 
found three more results. But the element of luck which appears in the 
investigation is at present entirely beyond his grasp, for there is no such thing 
as luck in algebraic transformations. The following description can only mean 


that the complete thought has not been grasped, and indeed this element of 
luck occurs at the very outset. The only result devoid of it is the first one ; 


for (n?+n+a)(n?-n+a)=n! + (2a—- 1)n*?+a?, 


and of course a=} gives what we may expect, and no more. But the case is 
otherwise with 


[(n? +n)? +a(n?+n) +b] [(n? —n)?+a(n*-n) +b] 
=[n* + (a+ 1)n? +b}? + an}? 
1)?+ 2b] +[26(a + 1) a?]n? + 
Here a= 1, b=0 makes the coefficients of n* and n‘ zero, but also that of n°. 
We next take (x) =a + ax*+ bx?+cx4+d 


and calculate f(n?+n) x f(n?-—n), making three intermediate terms vanish. 
We construct the following table : 


ns n? n> n? ni n° 
1 1 4 4 1 
a 1 3 3 1 
6 1 2 1 
c 1 1 


a 


and consider the expression 
[n®+ (6+a)n*+ (1+ 3a+ b)n4+(b+c)n? +d}? 

— [4n7 + (4+ 3a) n5+ (a + 2b) + cn)?. 
Making the coefficients of n™, n!2, n!° z-ro in succession and substituting the 
values of a, b, c as we go along, we obtain a= 2. )=1, c= 1 and the expression 
now becomes 

[n® + + 8n4 + 2n* + [4n7 + 10n5 + +n]? 
+2(4+d)(n§+4(4d 1)n*+4(4d 1)n* + (4d 1)n?+d*. 
Hence d=} gives n'* + 4,2n* +5, with two more terms zero than we have the 
right to expect. This deepens the mystery referred to above and it becomes 
deeper in the next step. (In passing it may be noted that 
+ 203 + + 2+ 4= (x? + 4) (x? + 2x + 4), 

so that n1*+42n*+ 35 resolves into four factors, each of degree four, got by 
replacing x by n?+7.) 
Now taking f (x)=2x*+ ax? + making a 
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table for (n*+n)*, etc., and proceeding as before, we obtain, on making the 
coefficients of n°, n*8, 128, n24 (now four in number) all zero in succession, 
a=4, b=6, c=6, d= —3. The decision to stop there is purely a result of 
experiment, but it is successful. Before the next ‘“ stop’ n! we have four 
equations to determine the other four constants, and obtain e= - 8, f= — 5, 
g=-1,h=0: finally arriving at the result 


Sf (nm? +n) x f(n? n) — 124n2* + 124n!? - n?, 


which has five more terms zero than the calculations provide for. ; 
It is perhaps worth while setting out the table, and the result to be verified. 


1 8 28 56 70 56 28. 8 1 
4 1 7 21 36 836 21 7 1 
6 1 10 3 6 
-3 € 4 1 
-8 3 3 
-5 1 2 1 
-1 1 1 
0 1 
1 8 32 84 160 232 264 242 176 88 10-30 -—32 -18 -6 -1 0O 


+ + + 264n!° + 176n8 + 10n® — 32n4 — 
— + + 232n" + 242n® + 88n7 — — 18n3 
=n® — 124n?? + 1241? n?. 
The following is the third new result : 
if f(x)=a? (w+ 1)? 4 1) +24 1)24+3(a— + 1)2 + 1)%, 
then f(n? +n) x f(n? =n4(n® — + 64) (n24 + 2702n" + 1). 
The following transformations of all five results are interesting : 
n?{n* —(2 sin 
(n® + 16 $7) + 16 sin® $7), 
— 1) — (2 sin — (2 sin 3357) 
— 1)? + (2 sin + (2 sin + 2 sin 3357) #2}. 


N. M. Grpsins. 

1697. On Note 1522. 

I should have pointed out in this note that the circle on AB as diameter 
is also the locus of the second intersection of the two circles through S, the 
focus, one touching the parabola at P, the other touching the parabola at Q. 
This follows at once from the two facts (a) LOPS = 2 PT'S, (b) LOQS=ZQTS, 
these angles at the circumference of the circle POQT standing on equal arcs. 

Is there a generalisation of this additional fact? E. P. Lewis. 


1698. On Note 1555 (XXV, p. 302). 


Since the publication of this note, I have improved the cube root formula 
by eliminating the square root which appeared in it, thus : 
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If a is an approximation to the cube root of N, a much closer approximation 
is given by 14N? + 35a8N + 5a® 
5N? + 35a8N + 
If N =(a+h)’, the error is about 7h*/18a?(a + h)?. R. H. Brroa. 


1699. Approximation to the cube root of a complex number. 
If a+ bt approximates to the cube root of A+ Bi, then a closer approxima- 
tion is given by 
[Ja + {8.4 + 3a(42 + + 8a*)]+[4b +b{3B 36(A? + B)3}/(B 8b9)]i. 
This looks formidable but is really quite rapid. The approximations a 


and 6 can easily be found, since {$4 +3a(A? + B2)3}/(A +8a%) must be about 
equal to $ and the same applies to b. R. H. Brrcu. 


1700. Approximations to roots. 

The basis on which formulae can be constructed for approximations to 
roots is as follows. 

If N =(a +h)", where a is an approximation to the nth root of N, I write 
at+has 

Aa{(a+h)™™ -a™} 
* Bla +C(a +h) nan + D(a Mam’ 

where m will be called the degree of approximation. Now expand and equate 


coefficients of powers of a in numerator and denominator, as far as possible to 
determine A, B, C,.... 


When m=1, we have Hutton’s formula. For example, when n=3 the 
coefficients are 


A(3, 3,1), B(1, 3, 3,1) 
and we take 3A =B+C, 34 =3B, and A=1, B=1, C=2. This cannot be 
earried further as the next step would require A =3B. 

If m =2, n =3, we have 
A (6, 15, 20,16, 6,1), BC, 6, 15,20, 15,6, 1) +6, 3, 1) +D,; 
whence A =9, B =5, C =35, D=14, which gives the formula 
ut {9a(N? —a*)}/(5N?2 +35a3N + 14a°) 

for the cube root of N. The error is of the order of h°. 


A very high degree of accuracy is obtained for the square root (n =2) by 
taking m=4, when we find the approximation 


a + {32a(N4 —a®)}/(7N4 + 84a2N3 + 42atN? + 84a5N + 39a). 
The error is of the order of h® and with N =10, a=3-16 the answer is correct 
to 26 places of decimals. 
The formulae in Note 1555 can be found m4 halving the power of each 
member of the ‘‘ basis ’’ given above, with m= 2, thus : 
Aa{(a+h)"-a"} 
* Bea + Da® 
and then proceeding as before. R. H. Bircx. 


1441. BuRKE aND Hare, 1942. —The ... chairman... thanked all the 
subscribers ..., adding that the hospital had reduced their waiting list by 
200 per cent.—Berkshire Chronicle, 20 Nov. 1942. [Per Prof. E. H. Neville.] 
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On Growth and Form. By Sir D’Arcy WentwortH THompson. 2nd 
edition. Pp.1116. 50s. 1942. (Cambridge University Press) 


Many mathematicians must have been fascinated by an essay of J. B. S. 
Haldane’s On Being the Right Size. In Chapter II of this book will be found a 
fuller treatment of the same ideas, a deeper study of their universality and 
their limitations, and a mine of information on all such matters. We can learn 
why whales are so big, why big ships travel fast, why the daddy-long-legs has 
long legs, why the lung contains a complex system of tubes and air-cells, why 
a big runner can often win with a spurt at the finish, and why a mouse eats 
half its own weight every day. 

But this chapter, based on a study of dimensions (in the mathematical 
sense of the word), is only the beginning. The whole borderland of biology 
and mathematics is explored. Chapter III, ‘‘ The Rate of Growth ’’, deals with 
growth curves and relative rates of growth. The beautiful regularity of curves 
of pre-natal growth must make any mathematician want to start searching for 
empirical formulae. Verhulst’s law for population growth, dp/dt =mp — np*, 
gives the right sort of S-shaped curve, but the point of inflexion is inexorably 
fixed at the centre. Would it be better to use dp/dt=bp(a-p)", giving a 
somewhat similar, but unsymmetrical curve? 

The next few chapters deal with the forms of cells and of tissues, and involve 
much interesting discussion of surface tension and minimum areas. A group 
of successive page-headings will give an idea of the variety of subjects dis- 
cussed: ‘“‘ Of hexagonal symmetry ”’, ‘‘ Of the Giant’s Causeway ”’, ‘‘ Of 
rifts and crackles ’’, ‘“‘ Of the bee’s cell’, ‘“‘ Of the partitioning of space ”’, 
“Of stellate cells’, ‘“‘ Of the tetrakaidekahedron ’’, ‘‘ Of polar furrows ”’, 
** Of the gastrula ”’, “‘ Of the effects of shrinkage ”’, ‘‘ Of shrinkage-patterns ”’. 

The equiangular spiral provides a long and interesting chapter, and we also 
learn about the shapes of horns, teeth, eggs and many other natural objects. 
There is a discussion of mechanical aspects of skeletons and a section on the 
comparison of related forms by means of geometrical transformations. 

Briefly, the author has sought to show the naturalist how mathematics can 
help him and to show the mathematician a field for his labours. ‘‘ The per- 
fection of mathematical beauty is such (as Colin Maclaurin learned of the bee), 
that whatsoever is most beautiful and regular is also found to be most useful 
and excellent ’. Why then should we be surprised if mathematical forms are 
found in nature, and why should we not confidently expect mathematics to be 
of service to the biologist? Biology is 100 years behind chemistry and 300 
years behind physics in its adoption of mathematical methods, and even 
within biology (as our author tells us) “‘ the zoologist or morphologist has been 
slow, where the physiologist has been eager, to invoke the aid of physical or 
mathematical sciences ’’. He adds that the reasons for this lie deep, involving 
an instinctive reluctance to compare the living with the dead. But for this 
reluctance such a book might have appeared 50 or 90 years ago, and it is per- 
haps appropriate that it should be written in the grand, leisurely, compre- 
hensive style of the Victorians. It is a classic, to be compared with The 
Origin of Species, The Golden Bough, Chrystal’s Algebra, Frost’s Curve Tracing. 

The mathematical reader who has no knowledge of biology or natural 
history will not find himself unduly handicapped. Accustomed as he is to 
using only a few technical terms, all of them precisely defined, he is sure to 
have some difficulty in coping with the complex terminology of a biological 
writer. But that will not spoil his enjoyment of a book that is well written, 
well annotated, well printed, full of ideas, and well worth its price. 
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If he sometimes longs for a glossary, however, he may with more justifica- 
tion ask for a fuller index. One of 50 pages would hardly be too much for a 
book so crammed with information on such a diversity of topics. E. H. L. 
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Introduction to Plane Geometry.* By H. F. Baker. Pp. viii, 382. 18s. 
1943. (Cambridge) 


(i) The relationship of school to university geometry is a matter of much 
concern to those who teach mathematics to sixth forms. During the last 
twenty or thirty years, there has been a notable movement in Cambridge 
from metrical towards projective geometry. Those who were at school in 
the early years of the century may have found, when they arrived at Cam- 
bridge, that they knew next to nothing about analysis ; but their weakness 
in geometry was not so noticeable, and although their projective geometry 
rested upon a metrical foundation, this was not found to be a serious handi- 
cap. Teachers in the schools have aot remained ignorant of the movement 
that has been going on at the University. They understand that there are 
strong reasons for preferring the projective approach to geometry. Their 
difficulty is to decide how to pass over to the projective standpoint from a 
main school course of geometry which is of a physical nature : and they also 
need to consider how far the projective treatment will be self-sufficient from 
the point of view of the sixth form student of geometry. 

It is well known that, as Lowndean Professor from 1914 to 1936, Dr. Baker 
played a leading part in the development of what amounts to a new school 
of geometry. His views about what should be done in schools to prepare for 
the university course will be treated with respect even if teachers decide that 
his methods will not suit their average scholarship candidates. Dr. Baker 
regards the book as suitable for these candidates as well as for first-year 
undergraduates. It covers much of the ground of volumes | and 2 of the 
Principles of Geometry, but is written in greater detail and contains a large 
number of examples. There are 268 of these in the final miscellaneous set, 
and in about 50 of them there are indications of methods, references, or other 
interesting notes. 

In Chapter I it is shown that Euclid’s geometry can be modified in regard 
to parallel lines by adjoining to every line an inaccessible point, z.e. by intro- 
ducing a new phraseology to describe at once two sets of facts, previously 
regarded as separate, when it has been shown that such a unity of description 
is possible without loss of essential precision. Chapter II deals with the 
fundamental elements (points, lines, and planes), with the incidence pro- 
positions, and with the idea of duality. It is important to note that, although 
the title of the book refers only to plane geometry, excursions are made into 
three dimensions when this is desirable for the exposition. 

Chapter III includes definitions and conventions by which a point P is 
denoted by a symbol (P), a point collinear with P, and P, is represented by 
a symbol k,(P;)+.(P.2), and a point coplanar with P,, P,, Ps; by a symbol 
k,(P,)+k.(P2)+k3(P;). This theory and the fundamental assumptions 
made in the book are more fully explained in Chapter V, while Chapter VI 
deals with reality and betweenness. Chapter IV introduces the fourth har- 
monic point and the sixth point determined from five given collinear points 
by means of a quadrangle. The use of the symbols goes back to Mébius 
(1827). An account of the use of such methods by Grassmann was given in 
an address to the Mathematical Association by R. W. Genese in January 1927 


* The editor is much indebted to Mr. Robson and Professor Turnbull for supplying 
reviews of Professor Baker’s book from the standpoints of school and university 
teaching respectively. 
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(see Gazette, XilI, 373). Reference may also be made to H. G. Forder’s 
Calculus of Extension (Cambridge, 1941), a book which had its origin in some 
papers left to the Association by Professor Genese. Logically the symbols 
differ very little from the coordinates k,, k, or k,, kz, ks, provided that the 
coordinates are not introduced metrically.. They can be used to define a 
geometry that is abstract like the coordinate geometries in Appendix III of 
Hardy’s Pure Mathematics. The power of the symbols is such that they 
deserve to be used in preference to coordinates in a considerable number of 
problems. They have indeed already been used under the name of *‘ loaded 
points ” or as vectors k,OP,+k,OP,. In this book it is chiefly the logical 
significance of the symbols that Dr. Baker emphasises. For although he has 
given a number of pleasing applications, such as that to Desargues’ theorem 
on page 16, the general impression is that he has not thought it worth while 
to develop the technique of their use to the degree that is customary for 
cartesian and homogeneous locus and envelope coordinates and equations. 
For example the proofs of Pappus’ theorem and the result about the “ sixth ” 
point are unsymmetrical and rather clumsy, so that the reader who has been 
brought up in the traditional fashion on coordinates may get the (incorrect) 
impression that the symbolic method is unsuited to these particular problems. 
Most schoolmasters will probably think that there should be more emphasis 
on technique and less on the logic at the school stage. 

Chapter VII contains the usual algebraic theory of involutions and is not 
very different from the traditional treatment. Related ranges and pencils 
are explained in the following chapter and the notation used for the cross- 
ratio (PACB) is (P, C/A, B). Also (A, B)/C is used for the harmonic point. 

In Chapter IX conics are introduced as loci of points of intersection of 
corresponding lines of related pencils. Desargues’ involution theorem, and 
the theory of involutions on a conic follow without difficulty, as does the 

ametric representation of a conic by ¢(X)+k(Y)+t7(Z). The average 
student will need more easy examples on the use of parameters than are given 
here. 

Although “ length ” is not introduced until Chapter XV, some preparation 
is made for the development of metrical geometry by the study, in Chapters 
X, XI, XII, of conics through two points, conics touching a line, and conics 
with a given pair of conjugate points. This raises the question of the self- 
sufficiency of the projective treatment. How will the beginner appreciate the 
significance of these three chapters if he has to regard the treatment, not as 
a new approach to something with which he is familiar, but as a preparation 
for a stage (Chapter XV) which he has not reached? It seems, then, that 
when Dr. Baker demands of his readers only a general acquaintance with 
Euclid’s results derived from experience of rigid bodies, he should also 
stipulate for some knowledge of such curves as the parabola and rectangular 
hyperbola derived in the same way or else by the method of cartesian co- 
ordinates. A command of the technique of general homogeneous coordinates 
would also be helpful. This would enable readers to accept the invitation to 
solve the examples in this book by “‘ any method they have been taught ”’. 

How much time, then, is going to be saved by the adoption of this modern 
standpoint? A certain amount will be saved by the omission at the early 
stages of detailed treatment of the assumptions that lie at the root of gec- 
metry ; for this work should be postponed until it can be developed in its 
proper relation to the general projective theory. Elementary properties of 
conics considered in Chapter XIII include results about the foci and director 
circle, about the harmonic envelope and locus which are further developed in 
Chapter XVI, and about confocal conics and the circle of curvature, 
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The penultimate chapter starts with the definition of length 


where (2) =(O) + &(1) + and (Q)=(O) + + /(J).. With the help of 
conventions explained in Chapter V1, this leads to results such as 


PQ+QR=PR and (B, B’/A, A’)=(b-a)(b’ (b-a’)(b"~a). 


The idea of area is not used, but a figure called a rectangle is obtained having 
opposite sides equal and parallel and contiguous sides perpendicular ; and 
the theorem of Pythagoras is proved. S#=ePK and other properties of 
conics are derived, and there are indications of how the theory is put into 
correspondence with ordinary metrical geometry. This seems to call for pre- 
vious knowledge of metrical geometry, though not on logical grounds. The 
chapter ends with a discussion of linear transformations, and this is resumed 
in Note 6 at the end of the book. 

The last chapter introduces equations of the line and conic. Perhaps the 
author regarded this part of the subject as so familiar as to require little 
emphasis : otherwise one might have questioned its relegation to a part of 
the book which not every student is going to reach while he is yet in his 
teens. 

There are appendices to Chapters XII and XVI on Feuerbach’s and Pon- 
celet’s theorems, and there are notes on (1) Steiner’s Hypocycloid, (2) Morley’s 
Equilateral Triangle, (3) Pascal’s Lines, (4) Angles of Intersection of Circles, 
and (5) Quadrilaterals whose sides touch a Conic. 

While the reviewer feels that this book is likely to be used only by excep- 
tional boys, and in their last year at school, he feels also that its ultimate 
effect may be to modify appreciably the preliminary course given to mathe- 
maticians in the early stages of their sixth form career. The scarcity of 
diagrams and the same ditticulties of style that have been noticed in the 
Principles of Geometry will detract from the merits of the book as an arm-chair 
companion for the exhausted. teacher. A. R. 


(ii) The present reviewer was brought up on Euclid: his younger con- 
temporaries at school experienced the change-over to something less logical 
and more easy-going, but in the end less satisfying. A period of twenty years 
followed when the teaching of pure geometry in this country was fragmentary 
and aimless. Then a definite lead was given by Professor Baker when the 
Principles of Geometry appeared in a series of well-known volumes. The 
present work is a great amplification of, and a somewhat simplified com- 
mentary on, volumes 1 and 2. In it Dr. Baker with his long experience first 
of the older and then of the newer standpoint and methods, has presented 
the fundamental ideas, and a new order of elementary facts. It is a great 
departure from the past : it is a body of authoritative information about the 
theorems of plane geometry concerning points, straight lines, circles and 
conic sections. It is not easy to read, but is a thorough book, largely con- 
ceived, immensely compact and generously inclusive. From beginning to end 
it is provocative : it fascinates with its unexpected and fastidious use of many 
tools, and with its mixture of beauty and abruptness. Its relation to Euclid’s 
transparent style is that of Beethoven in his more rugged mood to Mozart. 
And Beethoven had something deeper to say than Mozart. 

The legacy which mathematicians inherited from Euclid was two-fold, first 
the manner of presenting mathematical fact, and secondly the subject-matter. 
The first is a matter of style and of teaching, the second is concerned with 
what is essential and fundamental. As to the former, Euclid stated his 
definitions, postulates and axioms formally, and when they were needed in 
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subsequent theorems frequent references were given. To many this style is 
exceedingly attractive, and it has been utilised by some of the recent revolu- 
tionary writers on geometry, notably Peano. This has probably provided an 
easier approach to the newer subject-matter for many who had first learnt 
geometry through Euclid. This perhaps makes it hard to assess what will be 
the effect of Professor Baker’s work on younger pupils whose thinking has 
not been moulded by the formal tradition: for in this matter of style the 
present book differs emphatically from the time-honoured system. Here the 
fundamental assumptions are given first in an informal and later in a more 
formal manner in Chapter V—in an extremely interesting passage—where 
they are stated more abstractly and plainly: but they are not separated 
out into single distinct assumptions which can be readily pondered over one 
by one. It is easy to agree with their total demand on the basis of familiarity 
with vectors and masses and lengths ; but one has already been invited to 
put away all these notions and to start afresh with only the properties of 
incidence and the truth of Pappus’ theorem. In such a state of defenceless- 
ness the reader likes to receive his new equipment of assumptions singly. 
This Chapter V is concerned with the relation between pure geometry and 
algebra: more precisely, it deals with the nature of the correspondence 
between properties of incidence, together with Pappus’ theorem, on the one 
hand, and a certain very apt and efficient calculus of symbols on the other. 
These symbols are abstract'y defined, but are undoubtedly suggested by 
their historic origin, in the mass points of Mébius and the vectors of Hamilton. 

Once this correspondence is established, many important results follow, for 
it is then possible to justify the use of coordinates without recourse to the 
usual metrical assumptions ; and it also gives a satisfactory basis for the 
discussion of both real and imaginary points. In Chapter V the author first 
persuades the reader as to the naturalness of this correspondence, and then 
remarks that its complete justification needs formal proof, and ** such a proof 
to be convincing would need to be given in great detail. Moreover, an a 
posteriori proof is furnished by the success of the following developments ’’— 
as indeed is borne out by the wealth of results which are given in the rest of 
the book. Does such a proof exist, beyond what is already given in the first 
volume of the original series? One would have welcomed a reference at this 
point: and, if more needs to be said, it is hoped that this author of such 
deep learning and ripe experience will give the proof in all its fulness. It 
was this first volume of the Principles which probably introduced many 
readers in this country to the capital significance of Pappus’ theorem in pro- 
jective geometry : and this theorem, of course, retains its réle in the present 
book. The assumption of this theorem as an uncompromising axiom works 
like a master key, by rendering other, but more facile, assumptions unneces- 
sary. Yet it impinges on many minds as a “ logical scandal ”’, reminiscent of 
the turmoil wrought in bygone days by the Parallel Postulate of Euclid. 

As the preface suggests, the author does not expect entire agreement with 
his main thesis at first ; and it may well be that the quiet systematic manner 
in which the geometry is elaborated will prove to be the wisest way of bring- 
ing about a final consensus in his favour. 

The introduction of algebraic symbols renders natural and possible the 
step from projective geometry of real, to that of imaginary, elements (points 
and lines). ‘This in turn allows for the two absolute points common to all 
circles of a plane, and thereby leads to the metrical properties of angles and 
lengths. In this way certain postulates and tacit assumptions as to con- 
gruence, made by Euclid, become theorems occurring only at a late stage in 
a lengthy argument: and it is one of the incidental interests of the book for 
the reader to discover the whereabouts of many an old friend, such as Pytha- 
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goras’ theorem (p. 226), and Euclid I. 32 (p. 107) on the sum of the angles of 
a triangle, which now takes the form 


e(m, n) . e(n, Ll) . e(l, m)=1. 


This formula gives a relation between the angles made by three coplanar 
lines 1, m, n, stated in terms of cross-ratios involving the two absolute points 
at infinity. It would be interesting, also, to see how quickly students take to 
the new «B(A, C) in place of the old ABC notation for an angle, the new 
being a kind of logarithm of the old: and, with the new, Dr. Baker works 
with great skill. 

Celebrated propositions, such as those for the harmonic locus and envelope 
associated with a pair of conics, receive varied treatment ; and it is cheering 
to find new gems of beauty even judged by old standards, such as the proof 
(p. 174) that all lines which cut two given circles in harmonic pairs of points 
touch a fixed conic with their centres for two foci, the auxiliary circle of the 
conic being coaxal with the two given circles. 

The book is intended for the last year at school and the first year at college : 
for such students, even if they have a real taste for geometry, it will be strong 
meat. Nevertheless it should be brought to their attention ; for it is likely 
to influence, bot in general plan and in detail, the teaching of geometry at 
this important stage in a national educational system. H. W. TURNBULL. 


‘* Student’s ’’ Collected Papers. Edited by E. S. Pearson and JoHN 
WISHART, with a foreword by Launce McMullen. Pp. xiv, 224. 15s. 1942. 
(Biometrika Office, University College, London) 

‘** Student ’’ was William Sealey Gosset (1876-1937). He was a Scholar of 

Winchester and of New College, Oxford, and took a First in Mathematical 
Moderations and in Natural Science. From 1899 till 1935 he was with Messrs. 
Guinness in Dublin, from 1935 till his death in charge of their new brewery 
at Park Royal, London. He studied for a short time with Karl Pearson in 
1906, and published his first paper (on a Poisson distribution) in 1907. In 
all 21 papers are here reprinted, with a few miscellaneous contributions, and 
the book is of value in relation to the growth of statistics in one of its vital 
»eriods. 
; His best-known work is *‘ The Probable Error of a Mean *’ which he pub- 
lished in 1908. In this he obtained the distribution of z and gave tables 
always associated with his name for this distribution, 2 being the value of z/s. 
The problem that he dealt with was that of determining the frequency dis- 
tribution of the difference (x) between the mean of a sample and the mean 
of a population, when the standard deviation (s) of the sample is known, for 
various sizes of sample. The usual large-number theory assumes that this 
distribution is normal with a standard deviation of s/,/n, but this is found not 
to hold for small samples, say with n less than about 30. In 1917 he extended 
the tables to cover n from 2 to 30, and in 1925, at the suggestion, so he says, 
of R. A. Fisher, fresh tables were constructed with argument t=z//n. This 
work is fundamental in connection with the theory of small samples, and the 
tables, in one form or another, appear in practically every publication con- 
taining statistical tables. 

As a brewer, ‘‘ Student ”’ was interested in barley, and in consequence much 
of his statistical work was done on the testing of this cereal. He was a 
vigorous supporter of Beaven’s Half-Drill Strip method, the claims of which 
he preferred for some work to Fisher’s Randomised Blocks or Latin Squares. 
He was working on an important paper on this topic in the summer before 
his death, and.the final revision was never completed. A few papers on more 
general problems of statistics indicate alike his versatility, as when he devises 
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an experimental method of guessing a formula when considering, in 1908, 
the probable error of a correlation coefficient, and his commonsense, as when 
he deals with matters of routine analysis such as those of the daily work of an 
analytical chemist’s laboratory. His ¢ and z tables should be of special interest 
to teachers, for the classes of pupils for which they compile their marks are 
usually of the same order of magnitude as the small samples investigated 
particularly by ‘‘ Student ”’. 

But there are two papers which may be of more general interest to teachers 
in schools. In one of these he gives an experimental determination of the 
probable error of Spearman’s Footrule R. This was read before the valuable 
but now defunct Society of Biometricians and Mathematical Statisticians in 
1920, and printed in Biometrika in the following year. He concludes this work 
with the warning that psychologists and teachers have often failed to notice 
that “‘ R is not worth determining in any serious work.”’ In the other paper, 
he criticises the Lanarkshire Milk Experiment, which is so often quoted as 
evidence of the value of the issue of pasteurised milk in schools. For four 
months in 1930 ten thousand school children had three-quarters of a pint of 
milk per head per day, in sixty-seven schools in Lanarkshire, at a cost of about 
£7,500. ‘‘ Student” points out that the conclusions reached by the experi- 
menters are at the best non-proven, and that the whole experiment is an 
example of bad lay-out of experimental design where the statistician can 
give much useful advice beforehand. Not only, does he say, did the experi- 
ment as planned fail to estimate the difference between raw and pasteurised 
milk but it also failed to produce a valid estimate of the advantages of giving 
milk to children. 

By the death of ** Student ” statistics lost a vigorous, original and valuable 
worker in its field. - Frank SANDON. 


Engineering Formulae : Their Meaning and Derivation. By G. W. Srus- 
BINGS. Pp. vii, 253. 12s. 1943. (Spon) 

Despite what one might reasonably expect from the title, this book does not 
contain a single technical formula. Its aim is indicated by the somewhat 
lengthy sub-title : 


An elementary treatise dealing with principles and ideas, written especially 
for engineers to enable them to understand the language of mathematics 
and to grasp the underlying meaning of its symbolism. 

It covers the elements of arithmetic, algebra, geometry, trigonometry, 
differential and integral] calculus, and statistics. In his introduction the author 
distinguishes three levels at which engineers need mathematical knowledge. 
All of them ought to be able to give rational assent to a simple mathematical 
argument—to ‘ see the drift’. Many of them will have to carry out formal 
and numerical calculations of a more or less routine character—to ** do sums ”’. 
A few, concerned with design, development, or research, will need enough 
command of mathematics to be able to formulate practical problems in 
mathematical terms, and to use the resources of its technique to solve the 
resulting equations. Mr. Stubbings’ aim is to cater only for the first of these 
categories. 

It is not necessary here to devote consideration to the question as to 
whether one can be taught to “ see the drift * without in the process having 
““done sums ”’ in considerable quantity. The engineer for whom Mr. Stub- 
bings writes will have attended a course in mathematics as part of his training 
at some technical institution, and some knowledge of technique is implied 
(and the author is fully conscious of this) as a necessary pre-requisite to the 
understanding of Mr. Stubbings’ book. His criticism of the course of mathe- 
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matics as he imagines it to be given to engineering students is that it consists 
merely in “‘ doing sums ”’, and that little or no attention is given to “ secing 
the drift’. As far as such an accusation can be maintained, it is up to us to 
do something about it, and a recent memorandum has indicated certain 
measures-which might be taken in training the teachers of mathematics to 
technical students. 

Mr. Stubbings evidently has, in full measure, both good intentions and 
enthusiasm. He has read and thought—his writing is in the nature of thinking 
aloud. He has, however, little original, striking, or penetrating to say on his 
subject. Indeed, it seems doubtful whether his reading and thinking have 
been sufficiently extensive and profound for the task he has undertaken. He 
fails worst at the crucial points ; for instance his explanation of the rule of 
signs in multiplicating is lame and unconvincing, and his introduction to the 
idea of a function would seem to be of little use to anyone who had not already 
travelled a long way on the road of abstraction at the end of which lies this 
idea. In fact, it is difficult to find any clear distinction in the author’s mind 
between function, formula, and equation! He also seems obsessed by names— 
give a thing a name and it loses its terror ; repeat the name often enough and 
the idea must be conveyed. On occasion he invents names-—e.g. his use of 
the term “ integral equation ’’ to denote ‘* polynomial =zero ’’. We also have 
such things as: *‘ the binomial theorem was first enumerated by Newton ”’, 
‘** the tangent line at the origin point ” of a curve, and “*‘ the dy/dx of y =f(a) ”’. 

There are a number of inaccuracies, such as the statement ‘‘ for a surface 
to be plane, every line that can be drawn in it must be straight”. Also 
frequent mistakes—to call them misprints would be unjustifiable euphemism, 
for they are the result of hasty writing and inattentive proof reading. If, 
however, a malevolent demon had chosen the places for these with the object 
of causing the maximum confusion for the reader, he could hardly have 
improved upon Mr. Stubbings’ inadvertence. As specimens: “ evolution ”’ 
for ‘‘ involution ” (p. 20), positive for negative (p. 69), (x +jy) (« —jy) 

=x? +(jy)* =2*+y* and cos @ instead of cis @ (p. 81), and y is an explicit 
function of y’ (p. 111). 

All this is a pity. Mr. Stubbings’ intentions are so good, his sincerity so 
patent and the general direction in which he has attempted to travel so right, 
that a reviewer ean only regret that honesty compels him to be so unkind to 
the author’s work. W.G. 8B. 


Mathematical Problem Papers. By T. B. W. Spencer. Pp. vi, 88. 3s. 
1943. (Methuen) 

This little book of problem papers—-50 in all—is an admirable collection 
and should prove very useful to various types of students, especially to those 
intending to sit for mathematical scholarships at the Universities. The printing 
is good and clear, and the paper is quite good in spite of war conditions. The 
reviewer has tested some of the questions, which are of a type different from 
those in other collections, and has found them interesting. Each paper 
includes questions on algebra, trigonometry, geometry (pure and analytical), 
calculus and mechanics. The algebraic questions cover a fairly wide range 
from identities to the theory of equations inclusive, and require thought and 
skill for their solution. The determinant questions are of a type to test know- 
ledge of principles, and need care in deciding the shortest method of solution. 
The questions in trigonometry are varied, and some are distinctly hard, even 
if one is well conversant with the necessary formulae. Among them are to 
be found a few on triangles and quadrilaterals of quite an original type. The 
exercises in pure geometry are carefully graded, and some are very neat; a 
knowledge of inversion, harmonic conjugates, etc., is needed. The problems 
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on analytical geometry require trilinears and areals in some of the later papers, 
and these questions seem to be among the best. There are good straight- 


« forward questions on differentiation and a few on partial differentiation, with 


ome on the p, r equations. In the later papers the evaluation of integrals 
occurs, with an occasional question on area or on the length of the arc of a 
curve between two points. In mechanics the usual topics include forces in 
equilibrium, projectiles, occasionally a pulley problem or one on the catenary, 
the motion of a particle about a fixed centre of force, motion on an ellipse ; 
and in all the questions there is needed, not only skill in the use of formulae, 
but also in the grasp of the principles of the subject. To quote from the 
preface: ‘‘ None of the questions requires elaborate analysis if the best 
method is used, but in any case the straightforward solution though perhaps 
long will provide good practice in developing the technique of the subject.” 
One heartily agrees with these sentiments, and if students will only put them 
into practice they will find the working of these papers to be of inestimable 
value. M. R. 


Mathematical Tables and Aids to Computation. A quarterly journal edited 
on behalf of the Committee on Mathematical Tables and Aids to Computa- 
tion by the Chairman, R. C. Arcurpatp. (National Research Council, 2101 
Constitution Avenue, Washington, D.C. ; Scientific Computing Service Ltd., 
23 Bedford Square, London, W.C. 1) 


Professor Archibald, on his retirement as Professor Emeritus at Brown 
University, sees this event as the opportunity for yet more bibliographical 
activities, and among these the editing of this new quarterly journal is not 
the least important. The short list prepared and most effectively annotated 
by Dr. L. J. Comrie (Monthly Notices, 1932) has been extremely valuable in 
answering queries about the existence and location of tables of such-and-such 
a function, to so many places of decimals, at such-and-such an interval. The 
present journal undertakes the same sort of task, on a much more detailed 
and comprehensive plan, on the authority of a strong committee of experts in 
the United States, with the addition of Dr. Comrie and Dr. J. C. P. Miller 
as English representatives. The Committee has also had at its disposal the 
considerable mass of material, partly published, partly unpublished, collected 
by Dr. James Henderson. The topics are classified under Articles, Critical 
Reviews of Recent Mathematical Tables, Errata, Description and Location of 
Unpublished Mathematical Tables, Notes, Queries, Replies. In this way it 
should be possible to find in the journal a clearing-house for information, and 
a guide to the computational aids available not only for work in mathematics 
and statistics but in almost any branch of science where tables and calculating 
machines are 

Nos. 1, 2, 3 of Volume I (January, April, July, 1943) are now before us, 
and while it is impossible in short compass to describe the mass of classified 
information contained in these three numbers, we may mention two valuable 
lists : that of tables of trigonometric functions in non-sexagesimal arguments 
(No. 2), and of mathematical tables in the Reports of the British Association 
(No. 3). 

The British agents are Scientific Computing Service, 23 Bedford Square, 
London, W.C. 1, and the annual subscription is £1. A. 
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. UNIVERSITY OF CAMBRIDGE LOCAL EXAMINATIONS SYNDICATE 
CONFERENCE ON ScHooL CERTIFICATE MATHEMATICS 
at the University of London, Imperial Institute, 
Wednesday, 29th September, 1943. 
Tue Conference was attended by the following representatives, under the 
chairmanship of Professor C. B. Jeffery : 
University of Cambridge: Local Examinations Dr. F.C. Powell, 
Syndicate Mr. H. E. Parr. 
University of Oxford : Local Examinations - Mr. C. W. Stokes, 
Professor V. C. Morton. 


Oxford and Cambridge School Examinations Dr. E. A. Maxwell, 
Board Mr. W. L. Ferrar. 

University of London: Matriculation and School Professor G. B. Jeffery, 
Examinations Council Mr. G. L. Parsons. 


Northern Universities : Joint Matriculation Board Professor P. J. Daniell, 
Miss K. 8S. Chamberlain. 


University of Bristol - . - - - - Dr. W. M. Shepherd, 
Mr. G. W. Hinton. 
University of Durham - - - - - Rev. S. Lister. 
Central Welsh Board - - - - - - Mr. A. Geary, 
Mr. D. Owen Jones. 
The Incorporated Association of Head Masters - Mr. F, J. Hemmings, 
Dr. G. I. Sinclair. 
The Association of Head Mistresses — - - - Miss D. R. Smith, 
Miss G. L. Whitaker. 
Association of Assistant Masters - - . - Mr. C. J. Cozens, 
Mr. D. J. Raffle. 
Association of Assistant Mistresses - - - Miss A. K. Butler, 


Miss K. S. Chamberlain. 


The Mathematical Association — - - - - Mr. A. Robson, 
Mr. C. W. Parkes, 
Mr. C. T. Daltry, 
Mrs. Shuttleworth. 

The Chairman congratulated the Conference on the completeness with 
which it represented both the examining bodies and the school teachers. 

In the course of a full discussion of Mathematics in the School Certificate 
Examination, with special reference to the Cambridge Alternative Syllabus 
in Geometry and Trigonometry, there was strong support for the following 
points of view : 

(1) That many of the present School Certificate sy!labuses and question 
papers need revision to bring them more into line wiih modern life. 

(2) That a single syllabus is not necessarily suitabie for all the candidates 
taking the School Certificate Examination. 

(3) That, for a large proportion at least of the candidates, a more practical 
approach is desirable. This need might be met by the provision of an alter- 
native syllabus ranking equally with the normal syllabuses. 
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_ (4) That mixed papers are to be preferred to separate papers in Arithmetic, 
Geometry, and Algebra, because they encourage treatment of Mathematics 
as a single whole. 

(5) That the Cambridge syllabus has shown that much dead wood can be 
cut out of Geometry, but that there is equal need for revision of Arithmetic 
and Algebra. 

It was felt that the Conference had served a useful purpose by the oppor- 
tunity it had afforded for the exchange of views, and by the large measure of 
agreement it had revealed. It was emphasised that it was not the function 
of the Conference to prepare a syllabus with a view to its adoption in identical 
form by all the examining bodies. It was thought, however, that it would be 
of service to the examining bodies in their future deliberations if the general 
policy evolved in the Conference were expressed in the form of a model 
syllabus, or syllabuses, and illustrated by specimen examination papers. 

It was decided that, subject to the approval of the participating bodies, 
the Conference should meet again early in April 1944, and a Committee con- 
sisting of the Chairman, Miss Chamberlain, Mr. Daltry, Mr. Parsons, Mr. 
Robson, Dr. Sinclair, and Mrs. Shuttleworth, was appointed to prepare draft 
syllabuses and specimen papers for consideration at the adjourned mecting of 
the Conference. 

Mr. Brereton was asked to act as secretary to the Conference, to correspond 
with the participating bodies, and to make arrangements for the adjourned 
meeting. 

Mr. Parsons was asked to act as secretary to the Committee, and it was 
understood that the University of London would undertake the preparation 
and circulation of any documents necessary for the work of the Committee. 

It was agreed that the travelling expenses of representatives attending the 
Conference was a matter for the appointing bodies, but that the examining 
bodies should be asked to contribute in equal shares to any travelling expenses 
meurred in connection with meetings of the Committee. 

The Conference expressed its appreciation of the action of the Cambridge 
Local Examinations Syndicate in promoting the Conference, and of the 
hospitality provided by the University of London. 


LONDON BRANCH. 


A Brancu meeting was held on Saturday, 2nd October, 1943, at the Poly- 
technic, Regent Street. 

The chair was taken by Mr. Inman, who proposed for the approval of the 
Branch certain changes in the Syllabus in Geometry for the General Schools’ 
Examination. Mr. Daltry traced the course of events since the last meeting 
of the Branch: among the questions to be discussed were the selection of 
theorems, the position of converses, of Trigonometry, the attitude of the 
Girls’ Schools to Practical Geometry, and the kind of riders to be set. He 
pointed out that, although examination papers had already been modified 
without changing the syllabus, it was essential that the latter should be as 
flexible as possible. A long discussion followed during which the original 
proposals put from the Chair were modified and then accepted. 

On the question of Practical Geometry, the difficulty of getting it done 
accurately and of finding suitable applications for girls were stressed, and 
finally it was proposed that the paper should include the solution of such 
practical problems as are usually solved by geometrical drawing. 

The meeting then considered the desirability of limiting the number of 
theorems of which examiners might demand proofs. It was suggested that 


MANCHESTER AND NEW SOUTH WALES BRANCHES __ iii 


there should be a short list of such and a long list of others to form the basis 
of rider work : the former to be set as general enunciations, and the latter, 
if asked, as particular enunciations. The difference between an examination 
syllabus and one for teaching was emphasised. It was agreed that the 
number of theorems of which formal proofs may be demanded should be 
curtailed, 

After some discussion the meeting decided that trigonometrical methods 
should be permitted in geometrical proof. 

The distinction between theorems and riders was then discussed, and the 
resolution was passed that riders should be set in the form of particular 
enunciations and that more use should be made of diagrams. 


A. J. Taytor, Hon. Secretary. 


MANCHESTER BRANCH. 
Report FoR 1942-1943. 
28th November, 1942. General Meeting, 
** Mathematics as a Human Activity ” 
University. 

20th February, 1943. Mrs. Shuttleworth, Chairman of the panel of 
examiners in mathematics of the School Certificate of the Joint Matriculation 
Board, spoke on * School Certificate Elementary Mathematies—the duties 
and privileges of the examiner ”’. 

5th June, 1943. Mr. Montagnon, of Leeds Grammar School, gave a paper 
entitled ‘* What changes, if any, are desirable in the mathematical syllabus 
and outlook for the Higher School Certificate examination, particularly in 
applied mathematics ? ” 

The officers elected for 1943-4 are: President: Miss Stephens; Vice- 
Presidents: Mr. T. Dennis, Mr. A. T. Gregory, Professor Hartree ; Hon. 
Treasurer: Miss Garner; Hon. Secretary: Miss Holgate; Committee 
Members: Miss Holman, Mr. Kay, Mrs. Phillips; Wember on the Council : 
Miss Garner. 

The Branch has suffered a great loss by the death of one of its vice- 
presidents, Mr. A. Dakin, O.B.E., M.A., B.Se., headmaster of Stretford 
Grammar School and author of a number of mathematical textbooks. He 
was one of the first presidents of the Branch, and always showed a keen and 
helpful interest in its affairs. F. M. Honcater, Hon. Secretary. 


followed by a paper entitled 
. given by Mr. Sawyer of Manchester 


NEW SOUTH WALES BRANCH. 
Report ror 1942. 


THERE are now 130 associate members and i9 full members connected with 
this Branch. On the whole, interest has been maintained in the work of the 
Association. Several people have asked for back numbers of the Gazette, 
and this is regarded as a healthy sign. 

During this year the meetings have been held in the afternoon, transport 
difficulties making evening meetings somewhat troublesome. Attendances 
have been at least as good as for the former evening meetings. 

Addresses this year have been : . 

(i) Dr. Guy Griffiths: “The Paradoxes of Z 


Zeno’. This address was 
greatly appreciated. 
(ii) Mr. P. Price, B.Sc. : Accuracy in Arithmetic’. In particular, the 


teaching of decimal fractions was cealt with in some detail. 
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(iii) Mr. A. G. Aitken, M.Se.: “ Suggestions for the Use of the Tsoseceles 
Triangle in Geometrical Proofs’. This provoked considerable discussion. 

(iv) Dr. I. 8S. Turner: ** Newer Emphases in the Teaching of Geometry ”’. 
Dr. Turner spoke of three publications: N. Lazar, Logic in Geometry; H: 
Fawcett, The Nature of Proof; R. R. Smith, Three Major Difficulties in 
Teaching Demonstrative Geometry. Time permitted only 2 discus-ion of the 
first of these. 

Election of office-bearers for 1943 was as follows: President: Mr. D. J. 
Austin ; Vice-Presidents : Professor E. M. Wellish, Dr. [. 8S. Turner, Mr. H. H. 
Thorne ; Joint Hon. Secretaries : Miss EK. A. West, Mr. H. J. Meldrum ; Hon. 
Treasurer and Director of the Problem Bureau: Mr. R. J. Gillings. 

E. A. West, H. J. MELpRUM, Joint Hon. Secretaries. 


NOTTINGHAM AND DISTRICT BRANCH. 


Tuts Branch has been in a state of suspended animation for some time, owing 
to the departure on national service of most of its leading members. However, 
as a result of an invitation sent to all the secondary schools of Nottingham- 
shire, Derbyshire, Leicestershire and Lincolnshire, about forty teachers met 
at University College, Nottingham, on 7th October to discuss the new alter- 
native School Certificate Syllabus in Geometry and Trigonometry of the 
Cambridge Local Examinations Syndicate. The Chairman, Prof. H. T. H. 
Piaggio, distributed copies of the syllabus and drew attention to its dis- 
tinctive features. Miss IK. S. Chamberlain, a member of the national committec 
which is considering the whole question of the reconstruction of School Cer- 
tificate mathematics, gave an account of its preliminary discussions. A keen 
debate followed, in which a great many took part. The opinions of those 
present were summed up in a series of resolutions. General approval (by 
28 votes to 4) was expressed for the syllabus regarded as an alternative, but 
disapproval (by 32 to 2) if it were to be the only syllabus. As for the details 
of this alternative syllabus, considerable changes were asked for. 20 to lL 
approved of some reduction in the existing number of geometry -theorems, 
but no one approved of the drastic reduction to the 12 given in the syllabus. 
A small majority (8 to 7) disapproved of the introduction of A.T.C. mathe- 
matics, though 16 to 4 approved of Engimeermg Drawing. 15 to 5 thought 
that special provision was needed for girls’ interest. Finally, a large majority 
(25 to 1) asked for each paper to combine questions in Arithmetic, Algebra, 
and Geometry. Similarly 20 to | protested against the papers being divided 
into sections. A small majority (10 to 7) asked for the introduction of Calculus 
or Mechanics, with plenty of choice. H. T. H. Praccio. 


BOOKS RECEIVED FOR REVIEW 

W.L. Cowley. Aerodynamics of the aeroplane. Pp. 201. 5s. 1943. Nelson’s Aero- 
science Manuals. (Nelson) 

Sir Harold Spencer Jones. Copernicus. Pp. 32. 1s. 6d. 1943 Selby Lecture. 1943. 
(University of Wales Press, Cathays Park, Cardiff) 

M. G. Kendall. The advanced theory of statistics. I. Pp. xii, 457. 42s. 1943. (Griffin) 

F. T. Oram and R. Wesley. Mental calculations for the Services. Pp. 48. Is. 1943. 
(Macmillan) 

T. B. W. Spencer. Mathematical problem papers. Pp. vi, 88. 3s. 1943. (Methuen) 


8.8. Wilks. Mathematical statistics. Pp. xi, 284. 25s. 1943. (Princeton University 
Press ; Oxford University Press) 
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THE MATHEMATICAL ASSOCIATION, 


(An Association of Teachers and Students of Elenentary Mathematics.) 
“DT hold every man a debtor to his profession; from the wirich us min of cra-se do seek to receive 


countenance and proft, so ought they of duty to zndeavour themselves, by way of amends, to be 
a help and an ornament thereunto.” —Bacon (Preface, Macins of Law). 


President : 
-  W.C. Fretcuer, C.B., M.A. 


Hon. Treasurer : 
K. S. Syett, M.A., Harrow School. 


Bon. Secretaries : 
@. L. Parsons, M.A., Merchant Taylors’ School, Sandy Lodge, Northwood, 
Middlesex. 


Mrs. E. M. Wiittams, 17 Belgrave Square, Nottingham. 
Son. BPibrarian: 
Professor KE. H. Nevitts, M.A., B.So., The Copse, Sonning-on-Thames, Berka, 
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Tae MatuematicaL Association, which was founded ia 1871, as 
the Association for the Improvement of Geometrical Teaching, aims 
not only at the promotion of its original object, but at bringing 
within its purviow all branches of elementary mathematics. 

Its purpose is to form a strong combination of all persons who 
are interested in promoting good methods of teaching mathematics. 
‘The Association has already been largely successful in this direction. 
It has become a recognised authority in its own department, and 
is continuing to exert an important influence on methods of 
examination. 


“ Tag MaTHEMATIOAL GazeTTs ” (published by Messrs, G, BEL & 
Sons, Lrp.) is -he organ of the Association. It is issued at least 
five times a year. The price per copy (to non-members) is usually 
4s. 


Yhbe Gazette contains articles, notes, reviews, etc., dealing with 
elementary mathematics, and with mathematical topics of general 
interest. 
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CONCISE ARITHMETIC 


by C. V. DURELL, m.A., & R. C. FAWDRY, M.A., B.Sc. 
Tenth Edition. 3s. 3d. With answers, 3s. 6d. 


“ This is an adaptation of the larger volume on arithmetic 
by the same authors. All that is essential for schools where 
the ground has to be covered rapidly has been retained. . . . 
The result is a concise treatment of the subject which, though 
concise, is still thorough and entirely worthy of the authors’ 
reputations as writers of textbooks.’’—JOURNAL OF EDUCATION. 

“Tt is clearly written, and the examples appear to be such 
as the average pupil can attempt with success. A most 
useful volume.”’"—THE A.M.A. 


SHORTER GEOMETRY 
by C. V. DURELL, M.A. Sixth Edition. 3s. 6d. 


This is a short course intended for use in schools where it 
is of primary importance to cover the ground up to School 
Certificate standard as rapidly as possible, without any 
sacrifice of thoroughness in essentials. ‘‘ Like all Mr. Durell’s 
textbooks this volume is admirably designed for the specific 
purpose he has in view. Unlike many ‘modern’ geometries 
it is extremely easy to find one’s way about ... Can be 
confidently recommended.” —jOURNAL' OF EDUCATION. 


MATRICULATION 
TRIGONOMETRY 


by C. V. DURELL, M.A. 
Tenth Edition. 3s. 9d. Part I, separately, 2s. 6d. 


A concise course for School Certificate forms. ‘‘ This book 
possesses the many admirable characteristics which distinguish 
textbooks with which the author’s name is associated. It is 
well designed, the text is written, in general, in a style adapted 
to the ready comprehension of pupils of the particular age 
and stage for which it is intended, and the exercises are 
plentiful and well-graded.”"—MATHEMATICAL GAZETTE. 


G. BELL & SONS, LTD., PORTUGAL ST., W.C.2 


A FIRST COURSE 
THE CALCULUS 


by Prof. W. P. MILNE, D.Sc., and G. J. B. WESTCOTT, M.A. 
Sixteenth Edition, 8s. Part I, separately, 4s. 

“A book of a peculiarly suggestive and persuasive kind 
... the practical touch is everywhere noticeable.’ —NATURE. 

“The treatment throughout is assuredly that of ‘ pictures 
and plausibility,’ but the earnest student will have nothing 
to unlearn after this course.... The book is copiously 
supplied with excellent practical examples, and is a really 
first-class production.’’—SCOTTISH EDUC/ s.IONAL JOURNAL. 


GEOMETRY FOR SCHOOLS 


by A. H. G. PALMER, M.A., and H. E. PARR, M.A. 
Fourth Edition. 5s. Also in two parts, 3s. each. 


“This book has been written to make the most use of the 
reduced time for geometry now available in many schools. 
The authors have cut down bookwork and substituted very 
many theoretical riders.... They use many stimulating 
devices for encouraging successful solution of riders. The 
number of diagrams is very large. The book is available in 
two parts: it is worth serious consideration.’’—JOURNAL OF 
EDUCATION. 

“An excellent course for the School Certificate." —THE A.M.A. 


PUZZLE PAPERS IN 


ARITHMETIC 
by BOON, B.A. Revised edition. ts. 8d. 


Comprises 48 papers containing nearly 300 problems ; 
these are of considerable variety, though few require any 
mathematical knowledge. ‘‘ The author’s claim that the 
‘pupils evince a sprightlier attitude which quickens their 
pace in the formal work ’ is amply justified and the intriguing 
nature of the problems contributes largely towards this. It 
is no exaggeration to say that every teacher of school mathe- 
matics should use the book regularly.’ —MATHEMATICAL 
GAZETTE. 


G. BELL & SONS, LTD., PORTUGAL ST., W.C.2 
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